MMAT5010 2223 Assignment 7

Q1. Notice that

|<xnayn> - <$,y>| = |<xn7yn> - <xn>y> + <$n,y> - (x,y)|
< Kan, yn — )| + @ — 2, 1)
< llznlllyn = yll + llzn — 2| lyll-

Since z, — « and y, — y, we obtain {z,} is bounded and ||z, — z| — 0,
llyn — yl| = 0. Hence |{zp,yn) — (z,y)| = 0. That is, (zp, yn) — (z,v).

Q2. To show (-, -)xxy is an inner product, we need to show

(1) ((z,9), (z,y))xxy = 0 for any (z,y) € X x Y,

(11) <(x7y)’ (m’y»XXY =0iff z = OX,Z/ = OY,

(ili) ((z1,91), (72, 92)) x v = (@2, 92), (21, 91)) xxv,

for any (x1,41), (22,92) € X X Y,

(iv) (a(@1,91) + B(x2,y2), (73, 43)) xxv = a{(z1,91), (T3, ¥3)) x xv +
B{(x2,y2), (x3,y3)) xxy for any (x1,y1), (x2,¥2), (z3,y3) € X XY and o, § € C.

For (i), ((z,9), (z,9)) xxv = (z,2)x + (y,y)y = 0.

For (ii), {(z,9), (z,9)xxy = 0iff (z,2)x =0, (y,y)y = 0iff x = 0x,y = Oy
For (iii), <($17y1)a (T2, Y2)) x oy = (T1,T2)x + (Y1, Y2)y = (T2, 21) x (Y2, Y1)y =
<($2a92)7($1791)>Xxy-

For (iv), (a(z1, y1)+B(z2, ¥2), (3, y3)) xxv = (@x1+Bx2, z3) x +{(ay1+8Y2, y3)v
= oz, x3) x + {2, 23)x + (Y1, y3)y +6(y2, y3)v = a{(z1,y1), (23,¥3)) xxv +
B((x2,92), (3,Y3)) x xv -

Now we prove X x Y is a Hilbert space. Let {(x,,yn)} be a Cauchy se-
quence in X x Y, we need to show that there eixst z € X,y € Y such that
xn — x,yn — y)|lxxy — 0. In fact, ||z, — zm|x = \/<£Un — Ty Ty — Ty x <
\/((xn —Tm,Yn — ym)’ (SL’n — Tms Yn — ym)>X><Y = ||($n—$m7yn—ym)||XxY -
0 as n,m — oo. Hence {x,} is a Cauchy sequence in X. Similarly, {y,}
is a Cauchy sequence in Y. Since X,Y are both Hilbert spaces, there exist
z € X,y € Y such that z,, - z,y, — y. Hence

||(xn — X, Yn — y)HXXY = \/<(xn — X, Yn — y), (xn — Ty Yn — y)>X><Y

= V{tn —z,20 —2)x + Yn — ¥y — ¥y < llzn — 2llx + yn —ylly — 0.
Therefore X x Y is a Hilbert space.




