
MMAT5010 2223 Assignment 7

Q1. Notice that

|⟨xn, yn⟩ − ⟨x, y⟩| = |⟨xn, yn⟩ − ⟨xn, y⟩+ ⟨xn, y⟩ − ⟨x, y⟩|
≤ |⟨xn, yn − y⟩|+ |⟨xn − x, y⟩|
≤ ∥xn∥∥yn − y∥+ ∥xn − x∥∥y∥.

Since xn → x and yn → y, we obtain {xn} is bounded and ∥xn − x∥ → 0,
∥yn − y∥ → 0. Hence |⟨xn, yn⟩ − ⟨x, y⟩| → 0. That is, ⟨xn, yn⟩ → ⟨x, y⟩.

Q2. To show ⟨·, ·⟩X×Y is an inner product, we need to show
(i) ⟨(x, y), (x, y)⟩X×Y ≥ 0 for any (x, y) ∈ X × Y ,
(ii) ⟨(x, y), (x, y)⟩X×Y = 0 iff x = 0X , y = 0Y ,
(iii) ⟨(x1, y1), (x2, y2)⟩X×Y = ⟨(x2, y2), (x1, y1)⟩X×Y ,
for any (x1, y1), (x2, y2) ∈ X × Y ,
(iv) ⟨α(x1, y1) + β(x2, y2), (x3, y3)⟩X×Y = α⟨(x1, y1), (x3, y3)⟩X×Y +
β⟨(x2, y2), (x3, y3)⟩X×Y for any (x1, y1), (x2, y2), (x3, y3) ∈ X ×Y and α, β ∈ C.

For (i), ⟨(x, y), (x, y)⟩X×Y = ⟨x, x⟩X + ⟨y, y⟩Y ≥ 0.
For (ii), ⟨(x, y), (x, y)⟩X×Y = 0 iff ⟨x, x⟩X = 0, ⟨y, y⟩Y = 0 iff x = 0X , y = 0Y .
For (iii), ⟨(x1, y1), (x2, y2)⟩X×Y = ⟨x1, x2⟩X + ⟨y1, y2⟩Y = ⟨x2, x1⟩X+⟨y2, y1⟩Y =
⟨(x2, y2), (x1, y1)⟩X×Y .
For (iv), ⟨α(x1, y1)+β(x2, y2), (x3, y3)⟩X×Y = ⟨αx1+βx2, x3⟩X+⟨αy1+βy2, y3⟩Y
= α⟨x1, x3⟩X+β⟨x2, x3⟩X+α⟨y1, y3⟩Y +β⟨y2, y3⟩Y = α⟨(x1, y1), (x3, y3)⟩X×Y +
β⟨(x2, y2), (x3, y3)⟩X×Y .

Now we prove X × Y is a Hilbert space. Let {(xn, yn)} be a Cauchy se-
quence in X × Y , we need to show that there eixst x ∈ X, y ∈ Y such that
∥(xn − x, yn − y)∥X×Y → 0. In fact, ∥xn − xm∥X =

√
⟨xn − xm, xn − xm⟩X ≤√

⟨(xn − xm, yn − ym), (xn − xm, yn − ym)⟩X×Y = ∥(xn−xm, yn−ym)∥X×Y →
0 as n,m → ∞. Hence {xn} is a Cauchy sequence in X. Similarly, {yn}
is a Cauchy sequence in Y . Since X,Y are both Hilbert spaces, there exist
x ∈ X, y ∈ Y such that xn → x, yn → y. Hence
∥(xn − x, yn − y)∥X×Y =

√
⟨(xn − x, yn − y), (xn − x, yn − y)⟩X×Y

=
√
⟨xn − x, xn − x⟩X + ⟨yn − y, yn − y⟩Y ≤ ∥xn − x∥X + ∥yn − y∥Y → 0.

Therefore X × Y is a Hilbert space.
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