


Math 6261 23-0/-13

1. Mewswe ‘H\eor)l
11 Measure slsaces and l)nbalolu‘ly Sl:a,ces.

o, let D#E A colledion F of subsets of N is said to be
o G—algebm on N i]e

O 1 FeT then FeF ke F =\
@ I Fne® net, thn U Foe F

Remark : . A chal%ebra vs Closed under the Com,)[emnt , Countable union
and countable intersection

( fiFn=(O°F:))

n=| n=i\

o let icr‘_ }ie'l: be a Fm}lg o£ c’-algebras on Q.

en
n O:T:l s &!Sa a G—algebra on L0
e

DeF, Let A be o co|lection Subset< og Q.
let G’(A) denote the smajlest G’—algel’ya on 2 that contains B,
we call n’(?‘\) the G-oljebro\ ‘(}enemfed 'i] A

Ex_aMFle . Let X be a Jtol:olo'gfch s(:am. Let 9()() denste +he,
G-Ovlaebm 3ene\rafed by the collection of onn sets i X.
We call B(X) the Borel o-algebra .



et B(R) denste the Bore| salgebra on R Each clement in P(R)
Called a Bonl set in R .

De{-’, ( Measurable sFa(Q) (_Q, FY) s cafled @ measurably srau ;‘;

_Q#q‘ and 05: P s_o,lﬁe\,m on LL.

DCF (mea.SUV'e) A ‘F(LHL{.".’V\ }J: 03.1—9 [OIOO] LS Caued o
measure on @1) ?) i{i

(i M(@)=o -
()
i p( gay= Z

k(A

An, n21 ar Ju‘s)‘ofnt elements i F
Pml) 11. Let rl be & measure on (ﬂ, 0;) T)u.n

(0 H(A) £ I“(B) '\j: AcB (Ihono+ov1ic.i‘f)«)
() H(TA) < Z () o AT (Sbaddiivly)

il ) If An fA, then F(An)—) R(A) o5 ho%
() If AVA and H(AY<n, thn  ( Continity frombebo)

l:\v_;\“ '—L(An) = H(A) (Cﬂnh'nlm\.fj )@rom above)



De{-’, « A -l;r;Ple (J’-,“;} M) s Called o measure Srﬂie ig j 15
o measurk on (N, F)

¢+ IP (M) =1, we adl {t a prob. measure. Corresl)oml/tn%lyl

(2, a}-) M) i3 called a Prolo. SEam‘
Usu,o\“,j o prob. measure is dendted as P,

AV

ExamPlﬂ_ (ohscvd‘ﬁ t)rol:. Sfla&)

Let Q. be o countable set  Let

oo R, = § Aeneal
Tluh (_ﬂ-) O_jj) S o measurabls srafu\-

Let {P(‘*”},‘,e_(L be a Frob. Uect'ov, le. Ppw)zo ond ZP(w):L

weq.

DGFH;\-L
P(Ay= Z,#6) P ol Aca

Then (o, T P) s oa (dfscvd‘e) [”ob-sj)"'“‘,

Example ( Borel measure on [R) A measure ft on (IR' B(R)) 15

called o Borvel measure on R .



PmP 2. Let rl. be o Borel ‘)rol:.mea.sure on [R_ Set

F(x)= F((—oo,x]) 3?:;‘( xe R.

eh
w F non—u\ecreusn}\g e F(x)sFm i‘f <y

@) F 1s right- continuous , j.e,

im F(y) = F('x)‘

Y xt
@  |lm F(")= | lim FO“ =0,
X tvo X3~
PF.  w is twuiad, @ %) ‘Fo“.ow ‘?rom She Cow{\‘nw}] Prquer_\,
of a Prob- measu a.

12 Randow Oariables and their disty butibns
Lt (2, % P) be a Probabilﬁrj space.
Def. A function X: = R is sedd o be F-measurabl
f X—'(A)e? far every Borel set AR,

I? S0 we call X a vrandom Vanable (Y"V. ),

Emmi)le; . Let (.O.,“j? P) be a cl;‘s(ydq rrok.sfam.
Then ary -Fund‘«;m X:dL> R is a ru.



Let (2, F, p) be & general prob- spoeand et e
DeFlie jl_ﬂ : - [R, b)/

1
fﬂA (=)= { f xef\ b
o otherwiie
Theh /le s a vV which ¢ called '”\1 I\Vldz\‘,(a‘l'av ‘Pa.hd’lo‘n
of A.

(d\eJR: 'ﬂl;{1}= A fﬂ;{o}: /-\c)

De?. Let X be a ru. on (.Q)"}, P). Then X ihduces o Fmb‘
measure tx on R hj

(A= P(Xxen)= P(Xm), Ae BR)
We call r& tha cl?s;tvlbwha‘n 683 X.

Moreover, set F(x\= P{ Xsm} = H((—oo,xj) for xeR

we all it the distibutior Lundhiin of X.

IJ"-’ l:(x) has ‘tlu -?arm
Foo = f,: ?(9\&5,

then we Sa)’ X has the densHJ fund'n&n <F



Ene:  © (uniform distribadion on (o,1))

*(u: 51 for h"e(°1 )
(o} othor w1t |
. - L i]Q X 2
s "o
o isl X<0

® ( exPonehHa.Q dﬁd—ﬁLuﬂ-‘&n with l)u\ralmd‘@r A )

‘F(“ = { A Q—M 4‘{3 X950
0 otherwise

Foo = ¢ - e ‘f X>o
L © '\f X<o

® ( Standard morm distwbuhoy, )

f(X)= —= e . XelR.



1.3, anJom elemen‘h and yandom Uac“ors,
Now we %ehe\fALLZ{ the cwur‘r o& Y.U.

of A ma.p X: N> T ‘From (2,95, P) to o measurbls spai@

(T, T) 15 saxd to be measurable f]@
X—t(A)e T j(Qov every A €%
Inths case, we call X o random elemont 057 (T, 7).

If (7, 9)= (R, BRD)  thn we call X o vardom edor.

DeF, Let X: > T be a randm e'emmf, Set
s(x)= § X(ar: A%},
We Cw“ it fﬂ\l G—algebro\ aeheya*i'ul [,y X

Below we give a usafu[ result #o checR the Mewsuvn)o:b‘jr] of X: 0T,

Prop 13, Let X:2~>T be o mar. Sui)Pose A s a collechen
of Subsets of T Such tha o“(A): oj' Tluh

X is F-measurable &  X(A)eF for ol Ae A

(CH _
p](’\/LFtJ Y= { AcT: )('(A)e%?}_ Than P s o g-algebra.
ond Confains A Hews YD Q)(%) =T, @



Pro‘) ha. IF X« (&, F)—> (T,T)
and f (-'.) or) - ( U, cu) are mea.sumb(gl
thsh S0 s f()() (%) - (U/QL)_
PP et AU Thn (AT Thu
X'(f) e F
Hene (f(x))-' (A) = X"(f"(m) c¥Y m

* Extended reu\Q [ ne [R*z E“"’,“],
Endow R* with +he torolo?% gfenevafecl b)/

[-s0,a)  (2,b), (b,tso]
et B(R)) denote the Bordl v-alebra ow R
A measurable maE X - (-Q,G}‘) - (R, 9(IR*)) s also
Called o rardom \ubnable.
Prop. 15 Let X, %, -, be vo’s Then
of Xo S Xn  Lim Xa, Tin X,

ove al v V. ’5 .



.4 Injcejmjtnbn

Let (-Q, % M) be & measure S')a& and «?: Q- R’ be
measwrable

Tlum we Con c‘e-F;y‘,g
[ea= [ ga-{ga

LF ohe of ff*olﬂ, f]e_olﬂ 15 fl‘nite,

We call «F Mi‘uyd;b :f f [R]du<e . and wnte
fe Li(ﬂ,"F,M or Li(u),

Moreover we wnte Fe LP(M) i?- fl?lpdpwo

and “S:“FZ (j‘;lpdl‘)%—’ P novm °§ ‘P
Basic I\V\Q"( ualat-ies ;

H,S_(iev_fnqu_«ﬂ»j_j_: Let £,4> be sudh that T;* 73‘::‘|,T)uh
7 Ya
j | £9| dn s(fl?(':dv) ( fla[aolu) ‘

Minkowsk i ineguality :
]

£+ 9l < Uflpeboll, v ol p2)



Let x be @ |arob. measur
Jensen t%eﬁluﬁh“i‘j: Let 97: IR— R be Convex e

PP + (-9 P(a) = ?(Paﬁ(l-r)g)
for all < ps| and X, yelR . Surpose ]E Qe (P(F) o

l\hfesro.lob. . T‘\u\

S°( f?dn) < f 9o di.

PE. Wit = jyn_
Since ? is comvex, thue exists a Fuuhdn

L) = @x+b

,Q(c): P(c) and 9(x) > o er oll xe€ [R.
See the {o“owu\x Pid‘are .

Such that

Henw

g)(‘F(X)) 2 J(F(x)) = O.-F(x)+b

Tovtll;‘& l;lteg!mfldn ‘}n‘vu

j‘P"F du = f(afmu)dh

w o n
8
v&./\
_b
noogo
T
e
z -
S|



Next we recn“ Some con\)erjenm rﬁsu.Hts_-

- (Momtone Canuehzehu, Thm ) Let n, N2, be non-ne}aﬁve ?uw-b"ns

Such that F“ f-F ae. Then
f{-’ndu - f{?du U 00

° Fafﬂu,S lemma: Le{‘ -Fn’ h=l be hOh‘h(’-j‘i\IVQ M%u%b -FAM ‘
G f I
Thn b (pgs | bin P

* Dominated converqena Thm:
A\

S'u.PPose «?h = F ae and I'Fn\ < ‘3. Por all m
ond fgdfa <t . Thn

f-f?,,dpt — f'FﬂlH,




