
Math 6261 23 - 02- 17

Recall that

Thm) Borel-CantelliLemmasuppose PSAn) so.
Then 1) An i.0.) = 0.

As an application of the Borel-Cantelli Lemma, we have the
following version ofstrong law of large numbers.

thm 2.11. LetX.,X2, ..., be i.i.d. with EXi=M andEX.sco.

Then lin nt
Xn
as.

PF. ReplacingXibyXirt, we mayassume that EXi =0.

Set Snx1t.. +Xr. We will show thatlineas
Notice that

ESP =E (Reesn Xix;xmXe)
=2

182,c;,8,esn
E(XiXjXkXe)

Terms in the above sums of the form
E5X,Xj),E(XiXjXR), E(XiXjX, Xe)

&if i, c,k,e are distinct

are allo. The remaining terms are ofthe form E(X,xj) sitsand
ESXP).



Hence ESnR =
(E).(kY(x,X?) +E(x)

=3n(n-1) E(XiXy) +nE(X,4)

X 3n(n-1) E(X,1)=E()+nE(x,y)
=(3n-24)EXP

Hence

let9so. ESNPOesher inequality,
P((Sn)>ns) -3 syPxπ

So P(/Snkns) so
It follows that P) (Snl> ni.0.) = 0. Hence 1s ais.

Since is arbitrary, on to almostsurely.

Thm 2.12.) The secondBord- Cantelli lemma).

If the events An are independentwith P)An) = 00
then PC Ar i.0.) = 1.

Pf. Let MCN. Byindependence and xs*



PCN AB) in A-PSAs
- P(An)
-e
=y
- 2XP)An)

-> 0 as N

Hence P)AnY =0 => P) An) =1 => p(An i.0.)=1.
⑭

22.13. If X,,X2, ..., are i.i.d with E(Xil=0,then

P(IXn( n i.0.) =1,
and

P(ImYf(-0,0) =0.

Pf. ENX1 =50 P)(XK t) dt

x J"P((X,1<z)dt
-> yp((X.1>n-1)
=2p)(Xm-n-1)



Bythe second BC lemma, P)(Xnl > n i.o.) = 1.

To prove
the second claim, observe that

-- nT =n SXnH-e1 -Te
Write C =Swilm-fodde)

on (rSw:(XnxPno.3, nt) to so

|- nzti..

contradicting the factthatwed. Hence CrSw:lXnknio)
which implies P(C) =0. #

#mark:The above result shows that the condition

E(Xi1 <0
inthe strong law of large numbers is necessary.



32.4 strong law of large numbers.

Thms. 14. LetX,..., Xn, ..., be pairwise independent, identically
distributedv.hs with ENXilso. LetM

=EXi.

Then

limTX -asit

Below we will follow Eternadi's proof.

#mA letYR=Xols(XRIR) and

Th =Y, t... +Yn.
Then it suffices to show that- as

pf.zP)(Xm) >b)
= =P((X1kk)*(()(Xx(xt)d* =E(X+10.

Bythe Bowel-Cantelli lemma,·
P)(Xk/ <k i.0.) =0·

Equivalently,
IP( XR*Ym i.0) =0.

This shows that I Sncc) - infs)ROWIs a.s. for all.

Hence him. In as => lin eas



emB. vfYm)> 4EIXI. Ee

Pf.VarSYa) <E(y) =8 P((m((t) dt
X((etz=y2)

= 10zyP((Ykk y)dy
= (* <yP(MRK 3)d+5
-> (.Bzyp((x*ky)dy=(PayP((X,123)62

Hence

ForYa > Fi)cyP(IXRY
= zi(0 zy. (y-k)P(X,133)by
=((zz. (ysk)2yP((X,ky)dy

</0(2pH: 3am)2 PDX,43)d

"((-y7
+
2(E
- E1)) - (y)P((X,py)b



x(0-1.cy . p((X,ky)dy
-4(0P((X,ky)dy
=4E(X11.

#ll,

#thestrong law of large numbers

Since both Xnt, Xr satisfythe assumptions of the theorem
and Xn=Xn-Xi, so we can whoassume that Xn20.

Now we will first prove the result for a subsequence, and then
use monotonicityto control the values in between,

Let G:1 and R() -52"], where IxI denotes the integral
part of x.

For So, we have

zyP(πm(n) - ETejn)/(>5.R(n) (
(Chebysher |

↓ 52. zo raffic
-2

= 2 zom= Var(YmD
m=1

Sinwhich we use the

pairwiseindepender
one



2

= q
-zz =(n) - lsm-k(us] Var(Ym)

n=1

-2
-= E EVar(Ym). Ef(n) -m

· (N)

Notice that
-21

z I · G

n. [G41zm nzin =2"xm

=4.21 2
-2n

n =

oyn]
=

p. 52ToMT. S
- 2(08) f2s 4. 2

=4.4. +2.
So by(1),

nEP)/Tk(n) =E Tasn)Kskne)
39-2. ovTYm).
>O I byLemB I

Bythe Borel-Cantelli lemma,
:

Timn)TETkanl <- asthe
n+ 0



Since so is arbitrarilygiven, we have

him-ETrr = 0 (3)

However EYR =E( Xp (Xmsk))
=E(XI (XI-R1) ->EXIM as far

I bythe monotone convergence Tha).

It follows that #Trashs -> ps as now.

So by(21,

I'm RCh ene

Now for a given MEN, let a sit

k(n) < m < k(1+1).

then

NRCUs I<- IRCs
Since nt" -as nero, itfollows that

-> im In Th n
s. et almost surely.



But since 21is arbitrary, we get

Iin ison the
#

The nextresultshows that SLLN holds whenever EX,exists.

The 2.15. Let X., Xr,..;be i.i.d with EX.= and

Ex= 10. Then

ImtXx =0 asthe

Pf. Let Mxo. Set XM = minS Xi, M3.

Then X are i.i.d. with ENX*10.

Bythe SLIN,

⑰ & ↑M
X,t...+Xn 1...+ X

4

-EXi as n+0.

Bythe monotone convergence thm,

Since (XM)* yo, E(X,"+-EX. as Mx0.
But E(XiM5=EXI,



So we have

Ex.M =E(X,)
+

- E(X,)
-

=>EXi- EXi=EX;aMz.

It follows that

im +X =0 asthe #


