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Theorem 4.2 (Beltrami holomorphic flow on D) There is a one-to-one correspondence
between the set of quasiconformal diffeomorphisms of D that fix the points 0 and 1 and the
set of smooth complex-valued functions  on D for which ||jt||~ =k < 1. Furthermore, the
solution f" depends holomorphically on . Let {iu(t)} be a family of Beltrami coefficients
depending on a real or complex parameter t. Suppose also that |u(t) can be written in the
form

u(t)(z) = pu(z) +1v(z) +te(t)(2)

for z € D, with suitable p in the unit ball of C*°(DD), v, €(t) € L (D) such that ||€(t)|loc — O
ast — 0. Then for all w € D

FAO () = FEw) +tV (™, v)(w) + o(t])

locally uniformly on D as t — 0, where
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Lemma 7.1 Let f: D — D be a diffeomorphism of the unit di{k fixing 0 and 1 and satisfy-
ing the Beltrami equation f> = uf, with i defined on D. Let f be the extension of f to C
defined as

. f@, iflzl =1,

f2)=

1 ;
mame Y=

Then f satisfies the Beltrami equation
f} =[f;
on C, where the Beltrami coefficient [i is defined as

n(z), iflzl <1,

p)=9
21(1/2), iflzl > 1.
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Algorithm 1 : (Beltrami holomorphic flow)
Input : f*: 2| — $2 with BC u, target BC v, threshold €’

Output : Sequence of quasi-conformal maps { f""}>° |

1. Set fH0 = fI. Solve Equation (°k ) to obtain g1 ;
2. Given fHMn, compute w, = u(fy) and v, := (1 — €)pu, + €v; solve Equation () to
obtain g,y1; Set fu+1 := fu + gu+1;

3. If ||nt+1 — mnll = €', repeat step 2. Otherwise, stop the iteration.
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