
Lecture 8:

Recall : Linear Beltrami Solver ( LBS )

Let M = ( v , E ,
F ) be simply - connected domain  w/ boundary .

Let V = I C g. ,
hi ) , cgz ,

he )
,  - -

-

,
( Give

,
him ) } .

In discrete formulation , given M = ptie ,

we want to

compute a resulting mesh M
'

Such that
vertices in

Un = ( gn ,
hn ) It Wn = ( Sn ,

tn )
←

M
'

On each face T
,

the discrete Qc map f is linear .

'

"

n .

ifhunt:i÷i÷: I - ta :::::3:;)
i

. Matt = AT ; UyIt= be j Val -1=4 ; Ugly = dy



Consider the directional derivatives along Nk
a

Vj - Vi and Uk - Vi
,

we get :

TXj
ca :::X ::: :::S:iH :::: ::in .

Assume f is orientation - preserving ,

then :

def ( Sj - Si 9h - Si

hj - hi he . hi
) = 2 Area CT )

.

. :c :: ::i=÷ .it ::: :: in ::÷:
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Recall that :

c- ⇒ = .ee#EIiiHEii.nX:II
-

A

⇒ ti: ) -

- Ali:)
'
! Div ( A (Yy) ) =o to solve for u with

Suitable boundary conditions )
&

( If M = [ 0,13×10,13 ,
we set a =o on the left

boundary

and M
'

= Co ,
I ] x f o

,
h ]

U= I on the right
boundary

for some h
-

)



Once n is determined ,
we can determine

h= I ( he @ xttzptluxltcuyltt It @gli )

✓ can be determined by solving :

Div l ALT; ) ) -

- o

with boundary conditions i V -

- o on the bottom boundary

U -
- h on the upper boundary .



Remark : In case landmark constraints are imposed ,
we can

solve :

Div ( Alun; ) ) -

- o and Div ( A ( IT)) -

- o

Subject to u C pi ) = qiu and vcpi ) = Giv for iii. 2
,

. . ,m

( by substituting them into the linear system)

where { pilings{

qi-giutiq.fi
,

denotes the landmark

corresponding . It gives a g. c. map whose Bc is close to M .

( not exactly same )

it : a . . .
in:÷÷;um

Ge
etc

⇒ B. I -55
,

etc . . .



Fixing con formality distortion for Fast Spherical Conformal Parameterization

Recall : Given genus
- O mesh M -

- CV
,

E , F )
,

we can take

,
Wo , vi. Va ]

away one small triangle ALtreat it as north pole) and map

T =L Po , Pipa ]

it to big triangle ( w/
same

angle structure as A ) by solving :

I wijffcvj) -fruit ) = o subject to the

[ vi. Vj) EE

constraint that fcvoj-p.EC , fav , ) =p ,
EE and flute REG .

( f is a piecewise linear map from M to G )
pz

( Linear system = fast )
→

# Pi

a- Po



Drawback : Conformably near the origin is Small but con formality

near the boundary is BIG ! !

←
Conformity

⇐ distortion BIG
strategy :

→

confound "

✓ distortion

Then : Gog
"

: I → M 4=5 → M w/ I g. § →FMA "

has B. C
.

= o and hence B. C
. M V

w/ B
.

c . µ

conformal ! !

Computing g- .
51-715 involves conformal

chart
.

Use stenographic projection ! !



Detailed computation :

i
.

→ → ÷÷"÷÷÷÷:÷.
¥ .

Ag
in  .

.  

?
Pj

Gj I
OT w/ B. C

.

= MIgn w/ B . C -

- M
Solve :

Div ( ATE; )) -

- o and Div ( Aff;D) = o

V
"

Exit

Subject to § ( pj ) = Gj for j -4,2 ,

Then : I of
- '

ots has less conf ' maths Test

lvssuferthogrdapw
?;% .

.

distortion near north pole !
E- conformity

distortion

fixed

in



Beltrami Holomorphic Flow ( Bojarski )

Theorem : ( Beltrami Holomorphic flow on 15 ) There is a one - to - one

correspondence between the set of quasi conformal diffeomorphisms of 82

that fix the points o
,

I and a and the set of smooth

complex - Valued functions µ on 82 with Hulk =L s I
.

( Here
,

we identify 51 with extended complex plane I )
.

Also
,

the solution to the Beltrami 's eqt depends holomorphic ally

on M .

Let { Mtl ) be a family of Beltrami coefficient depending

on a real / complex t . Let Mittal a- MEI + tvczlt TEACH

and HEH He → o as t -70 . Then i for ht WEE
,

for ZE G
v , Ect) E LEE)

f
" "

Iw , = ftfw , + tvffmo ) I w ) tout ) locally uniformly on G

as t  → o
,

where vffiyv ) I w , IfMcw ,¥4w, -DJ
,

" " l HMH th
'

dxdy
fmctsffmczi - 1) IMAI - film)



BHF algorithm Let M = genus
- o mesh

N = genus - O mesh .

Let 4 ,
: M → size and A. N → SEE be global conformal

parameterization of M and N respectively .

Given µ : M → G
,

consider Tu = µ . 4
,

-1
: 15 → G

.

Goal : Construct of :S 's 82 7 B.c .

of of = ju
s " s "

( under
" north pole

"

stereographic
I I

proj . as conformal chart )
Identify 8

'

with I
.

Define : µ~q=kTu/N ,
k -

- o , 1,2 , .  - .

N

Let IF "

= Q.c. map associated with Tuk
.

i. Into
= Id ( assuming o

,
I

,
u are fixed)



Proceed to construct :

Io → The
, → TU

, → .
.

.
 → Tuk → . . .

 → Tun = NT

III
; ,

stint
→

f¥→
. .

.  →
Fins

. . .  →
fitting

Note that the above diagram can be realized iteratively by -

.

{ I
"

-

- Id

faith = Ink + J ( I " "

,
FI )

,

where
yet ;u , stuff" " - " HI

,
It;¥: dxdy

Career )

In discrete care
,

Tcf "

,
v ) can be discretized as : Zhu ,

w ) Av



• v

AB

Remark : Can be used to solve optimization problem of mappings

represented by Beltrami coefficients .







We can find theassociated QC map I = fktvz 7

If
*

⇐
521

ZZ

Overall
,

the descent direction to optimize
.

 -

dfh
at

=
I

,
t Tz


