
Lecture 7

Definition : ( Quasi conformal map ) Let  f -

. E → G be a C
'

homeomorphism .
f is called a quasi - conformal map with

respect to a complex - valued function µ : G → G ,
called

the Beltrami coefficient
,

with Hulls s I if =

C * ) ZIZI C z I = µcz )
I where

J -2

⇒ = If # tidy ) and ÷ -

- ICE - iffy )

µ Cz ) measures the local geometric distortion at z
.

C A ) is called the Beltrami 's equation .



Remark : 1
.

When M=o ,
the Beltrami 's equation is reduced

to the Cauchy - Riemann equation .

Let f-  - utiv ( Ye'T
functions)

Theni 3¥ = If ¥ cutin - ifeylutivs )

=L (( Ux

tug
)

ti
( Ux - Uy )) = o

⇒ {
U×= - U2

( Cauchy - Riemann Eft )
Uy =  tux2- In matrix form

,
a conformal I holomorphic complex - value

function f = utiv satisfies :
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Quasi - conformal map generalizes

(

I At ) by considering-471=14f) ( %) for some a. p and V

- depending on µ .

Represent the metric distortion

3
. Let JAI = Jacobian  of f  = utiv at z

.

µoteThffa+J -

- det Y;) = uxvy - uyvxx

13¥12 - lift'

= cuxtv , Wx - uh
'

-

lux-Uys 't cvxtuys
'

4

= ( Ux Vy - Uy Ux ) = JCZ )

i
. Jezzine I # I ( I - 12¥41 f) = lift 'll - Incest )



Thus
, if LINCHHost and 12¥ I # o ( f  = homeomorphism )

then JCZ ) so everywhere . c ; f is orientation - preserving
everywhere

Existence and Uniqueness Theorem

Theorem :( Measurable Riemann mapping theorem ) Suppose µ
-

- E -36

is Lebesgue measurable and satisfies dullest ,
then there exists

a quasi - conformal homeomorphism 4 from G onto itself
,

which is in the Sobolev space W
" 2

CE ) and satisfies

the Beltrami equation (2¥ = Met )¥z ) in the distribution

sense .

Also , by fixing o
,

I
,

o ,
the associated quasi conformal

homeomorphism 4 is uniquely determined .



Theorem : Suppose µ : ID → E is Lebesgue measurable and

Satisfies Hlullyal .

Then ,
there exists a quasi conformal

homeomorphism of from ID to itself ,
which is in the

Sobolev space w
' i

2

( r ) and satisfies the Beltrami equation

in the distribution sense .
Also

, by fixing 0 and I
, 4

is uniquely determined .

Proof : Follows from previous thin by reflection .

( Based on Beltrami holomorphic flow Later ! )



Composition of quasi conformal maps

Let f : E → G and g
-

-
E → Q be quasi conformal maps .

Then , the Beltrami coefficient  of the composition map got

Mf LH t Tzttyfzcz , ( Mg of )is given by "

µgofH7=
y + Tztzyfzcz, MI ( Mg of )

"

Theorem : Let f : r , → Dz and g : rz → r , be quasi conformal

maps . Suppose the Beltrami coefficients of f-
'

and g are the

same .
Then the Beltrami coefficient of got is equal to 0

and got is conformal .

Proof : Note that : Alf , of  =
- ( f%fz1 ) Mf .

'

.

'

Mf - I = keg ,
we have :



Mf  t Fyfe) ( Mg of ) = Mft ¥Az) I Mft of )
=

Mt  t ¥fz) ( . ¥÷) cut = o

By the composition formula , Mg of  = o and so got is conformal
.

Remark : The above theorem gives a useful way to fix

conformably distortion .

④ ④
ID ③On It Is .

.

!
81M

, p
¥ is

conformal



In depth analysis of Beltrami 's equation
Let f -

- ut iv and M
-

- pt it
. Comparing the real and

imaginary parts of IIe = luffa gives :

CE
'

.ie .im -

. le :
' ti:)

.

'

.

'

It Milos I
, def ( Pf

'

Ip ) = I -

p
'

- I
'

> o for VZ Er
.

iii. t.ie#EIi.iHEImit:i .

Denote c -

- ( E'Im ,) .

we set f-%) -

-

ftp.ectctu ;)
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Area distortion under quasi - conformal map

To simplify our discussion
, let fi [0,11×10,1] → r EG .

-

( .

-

.
Area of source domain R is I ) R

Now ,
area of r = Jp JCE ) dt

= Jp ( Uxuy - Vx Uy ) DZ
Recall that

µ;) , ( gg) fun;) = (
dux -194

-

pux tray
)

i . Area  of r
=Jpu×ku×tpuy

)* ( puxt My )UY

= Jr Lux 't zpuxuy t 8 Uy
'

Where d
, p and 8 are determined by JU -

- pt IT .



Remark :
 . µ ( or 2

, p ,
8 ) introduces area distortion

Under f

° Computationally ,
once U associated to µ is obtained

,

we can determine the area of the target domain by

A -

- f Lux 't zpuxuy -1845
R

If r = Co
,

IT x Co
, h ]

,
then h= A .

it Once u is computed ,
the geometry of the target

domain can be determined .

.

-

. v can be computed ( Useful observation ! )



Computation of QC maps

Gel ! Given µ ,
our goal is to compute of .

c . map f associated

to µ ,

Method I : ( Simple least square method )
-

Minimize the residual of the Beltrami 's egt

Elf ) - Jaffe - MII .Tdz

Method 2 : gf
variational

-

⇒  = µ
If my Energy minimization model

at formulation ( not least Sf . model )

£
Elliptic PDE

go wing elliptic PDE will give
"

smoothness
"

of the solution



Method 3 :

Beltrami Holomorphic Flow

Geol: given IU
,

want to Set f
"

associated to µ ,

o → IF → ¥7 - i
.  -

-  - µ
^

a I Nis

I

'

II I bist
✓

u

Ld → f

'¥→f¥
→ flu

If µ~=µ+wx
small

-  -  -

ft -

. fat Jew )



Simple way to compute QC map

Goal : Given µ
,

our goal is to compute the associated Qc

map .

Idea : Minimize the residual of Beltrami 's eqt .

-

E HI = flfzf - M # Tde .

Let M -

- CV , E
,

F) be triangular mesh and f be piecewise

linear function
.

Choose a face [

vi.
vz

, vz I EF and embed it on IR?

Let  the planar coordinate of Uk be C Kk
, Lk )

.

Let f :C x. y ) t ( Ulx , y ) ,
Vexin ) .

s
Ns

,
-5

- 52

As before
, yu = u ,

ST + Ucsf t Us ST
I

{or = v. I t vast t us I
#

a

V
, I

,

Ui = UCU , ) ,
Uz= Ucvz ) ,

etc
. . .

- S3



Then
,

Ux
, Uy ,

Ux , Vy are constants on each face
.

.

'

, µ is piecewise constant function on each face T
,

namely ,

MLT ) = PT t i
 

IT

we can check that the Beltrami 's eqt is equivalent to :

PT . Du t IT . Tv = O

f- It . ou + is ,
.ru =o

where Fifty? ) .
It - ( II ,

)

rewriting : IsiIi
.

's
.
::::3 ) =i where

Xk= F. 5k
,

8h = To Jh
,

k -

- 1,2 ,
3



For each face ,
we can construct a linear system .

Pack all linear equations together to form a big linear system :

I Is:') (E) =i where a- I !;) ii. I !! )
The big linear system is solved \ y

coordinate values at different
by minimizing :

H ( I
,In

.

)( E) 1/2 vertices
.

subject to some boundary conditions ! ( Standard least square

problem )Remark
: The method is equivalent to minimizing i

Jr 12¥ - m 2¥12 C Least square Beltrami energy )
Drawback :

i. May get trapped in local minimum

z . Resulting map may just be immersion C w/ Self - overlap)



Another method to solve Beltrami 's equation

Linear Beltrami Solver ( LBS )

Let M = ( v , E ,
F ) be simply - connected domain  w/ boundary .

Let V = I C g. ,
hi ) , cgz ,

he )
,  - -

-

,
( five ,

him ) } .

In discrete formulation , given M = ptie ,

we want to

Compute a resulting mesh M
'

such that
vertices in

Un = ( gn ,
hn ) t Wn = C Sn ,

tn )
←

M
'

On each face T
,

the discrete Qc map f is linear .

"

n .

hunt:i÷i÷: I - ta:c:::3:;)
i

. Matt = AT ; UyIt= be j Val -1=4 ; Vy IT = dy



Consider the directional derivatives along Nk
a

Vj - Vi and Uk - Vi
,

we get :

TXj
ca :::X ::: :::S:iH :::: ::in .

Assume f is orientation - preserving ,

then :

def ( Sj - Si 9h - Si

hj - hi he . hi
) = 2 Area CT )

.

. :c :: ::i=÷ .it ::: :: in ::÷:
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