
Computation  of QC map using auxiliary metric

Definition : ( Beltrami Differential ) A Beltrami differential Mth d¥z

on a Riemann surface S is an assignment to each chart

( Ua
,

42 ) of an Ld complex - valued function Ma defined

on local parameters Za such that  :

Mdlzaiddz
=Mpctp )

on the domain which is also covered by another chart

( Up , Zp )
,

where dzp

,
,

DIZ
= Fza%p and %p=¢po¢i !
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Definition : ( QC map between Riemann surfaces ) An orientation -

preserving homeomorphism f : S ,
→ Sz is called quasi - conformal

associated with MddIz if for any chart ( U2
,

%) on S
,

and for any chart ( Up , Xp ) on Sz
,

the mapping

tap : = Xp of  o old
"

is QC associated with Ma ( Za ) .
Also

,

on the domain on S , which is also covered by ( ya ,

,
Pa , )

,

ftp.e-ypofoo/ai
'

is QC associated with My , C za , )

where Matza ' ) -

- Matza ) ( data
, )/( DIET, )

.



Theorem : ( Auxiliary metric associated with a Beltrami Differential)

Suppose ( Si
, g , ) and ( Sz

, ga ) are two metric surfaces
,

f- Si → Sz

Beltrami differential µdI
is a QC map

associated with the dz .

Let Z and W be the local isothermal coordinates of S ,

and Sz respectively ,
indeed g ,

=EX
' l ⇒

dz DI and

92 =
ethlhtdwdw

.

Define an auxiliary Riemannian

metric on Si
,

§,
= e

" '
' "

I dzt µ DEI ?

Then : the mapping f :( S , ,
I , ) → ( Sz

, ga ) is a

conformal mapping .



Proof :
 . well - defined = Consider the region which is covered by

two different  Charts Za and Zp .

Suppose the Local representations of g , under Za and Zp are

£
" ⇐ "

dz , did and I
" " "

dzp dip respectively .

'

.

' ddtzI-oi.dza-ddtfpdzptd.IE/dIp
Thus
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' " 'dzadzT = I

"
'
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g , = e ldtpl
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' " P
. Conformal under auxiliary metric .

* ! "

Let f*gz be the pull - back metric
.

¥

Mga ) ( iii. Ty He ,

Then : f*gz=e2Wft↳Ydfcza
, ,z

" def

( Check )
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Now
,

under the pull - back metric
,

f : ( S , ,f*gz ) → ( So
, ga)

is isometric C length - preserving )
inner - product preserving .

dfita ) = I¥adZa t 2¥ DEI

= If
⇒ ( dza t Ma DET )

.

'
. f

*

gz = e
" ' HH "

I 3¥17 dza t Mad ZIT

i . f*gz = e *
Hen - At

⇒ l¥zaTThea .ua?dza+nadzaT
I f

*

ga
is conformal to 5

.

'

. f -

- ( S
,

,
I ) → ( Sz

, 92 ) is conformal
.



Discrete QC map
( V

,
E

,
F!

Definition : ( Discrete metric ) A discrete metric  on a mesh M

is a function I = E →
IRT

,
such that on

each triangle E Vis Vj ,
Uh ]

,

the triangle inequality holds :

ljktlki > lij
Definition :C Discrete conformal deformation ) Let M be a triangulation

mesh . Suppose l and L are different discrete metrics on M
.

L is a discrete conformal deformation of l if there exists

a function U
-

- V → IR
,

called the discrete conformal factor
,

such that for all edges Cfi
, Tj ] EE on M

,

Uwi )tUlUj )

Lij  = e lij



Definition : ( Discrete local isothermal chart ) Let M be a triangular

mesh .
A mesh My is called a sub mesh of M if every

vertices
, edges and faces of Ma belongs to M

.

A discrete

local isothermal chart ( My
,

Iq . Ma → G ) is a discrete

conformal map from Ma to a mesh old ( ML ) embedded in Cl
.

Definition : ( Discrete Beltrami Differential ) A discrete Beltrami

differential { Mabey is an assignment to each Local isothermal

chart ( Ma
,

-22 ) on My of a complex - valued function My

defined on every vertices of Dalma ) with Hala Host such that

Mdlviltllalvj ) Zalvj ) - Zani )
=

Mp ( Ui ) tzllplvj) Ep ( Vij-Zplvi )2µijdjZdluj ) - ZLCUI )
µp) Cdzptij Zpcuji - Zpcvi )

¥5
-

@te) ijwhere E vi. Vj ) is covered by both ( Ma
,

Za ) and (Mp , Ep) .



Definition : ( Discrete QC map ) Let { Md } be a given Beltrami

differential .

A mapping f -

- ( 14, , d) → ( Mz ,
L ) between Mi

and Me ( with the same connectivity ) is a discrete quasi - conformal

map ,
if with respect to a new metric I on Mi

,

the mapping f : ( Mi
,

I , → ( Mz
,

L ) is discrete conformal,

where Ij Iet
dig ldZijtµijdI

( dZij I
µwi , t MNJ )

( dzij  = ZCVJI - Zhi )
, Nij

 =

2- )
I is called the discrete auxiliary metric



Well - defined ?
a

Suppose an edge [ Vi
, Uj ] is covered by both charts

I
and

ZP, we have :eij1dZifa¥7dZis
= light ME dda )

= lij I I + Mig dzij
For )

=

lij I d Zij t Hijodzijl
#

I dzij )

Well - defined ! !



Theorem : Suppose ( M ,
, g ) and ( Mr

,
L ) are two triangular meshes

.

and f -

- M , -7142 is a discrete QC map with Beltrami differential

{ Maynez
.

Under the auxiliary metric I associated with { May
,

the mapping f. ( Mi
,

F) → ( Mr
,

L ) is discrete conformal
,

.

'

.
Discrete Q C A Discrete Conformal

.

Algorithm to compute QC map Given M

⑦ Change the edge length l to I such that

tij  
=

dtij  + luijdzij '

Lij the new

② Compute the
angle structure of mesh based on Fiji afternoon

③ Use whatever existing algorithm to compute conf
. map

under ?


