Solution to Exercise 4

1. (a) When a = 1, we can directly verify the convexity of |x| by definition.
When a > 1, f(z) = 2% is twice-differentiable and f”(z) = a(a — 1)z*=2 > 0.
Then the result follows from second-order condition.

(b) Let f = max(f, f2). Since Vz,y € RY X € [0,1], we have

fide+ (1 =Ny) <AMi(z) + A =N fily) <Af(@)+ (1 =) f(y),i=1,2.

Therefore,
fAz+(1=Ny) = max(fi(Az+(1-A)y), fo(Az+(1-A)y) < Af(x)+(1-A)f(y).

2. The fact that strict convexity implies convexity is obvious. To see that strong
convexity implies strict convexity, note that strong convexity of f implies

FOT+H(L=N)y)—plAz+(L=N)y||* < Af(@)+(1=N) f(y)—Mullz]|? = (T=N)plly|>.
But
Allzl? 4+ (1 = Npllyll® — plide + (1= Nyll* > 0,Va, y,x #y,VA € (0,1),

because ||x||? is strictly convex . The claim follows.

To see that the converse statements are not true, observe that f(z) = x is
convex but not strictly convex and f(z) = 2* is strictly convex but not strongly
convex.

3. (a) We have
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Since V2f = 0,V(z1,22) € R x (0,00), f (x1,22) isconvezonR x (0, 00).
(b) Just note that the Hessian of f is

2
&mamj 1<i,j<N

and use second-order condition.




