Solution to Exercise 6

1. (a)
{0} if z € (—1,1)
[—1,0] if o = —1
[0, 1] ifo=1

BEREh if 2 € (~2,-1)
of@ =9 m if z € (1,2)
(—o0,—1] ifa=—2
[1,+00) ifzx=2
if x € (—o0, —2) U (2, +00).

(b) For & # 0, V||z||2 = ol
At ¢ = 0, we know that u € 9|z if

lyll2 > [|0]l2 + (y — 0,u) = (y,u) for all y € R, (1)

We can find u that meet these conditions using the Cauchy-Schwarz inequality.
Note that

(y,u) < lyllz[ll2

so (1) will hold when |Ju|l2 < 1. On the other hand, if ||u||2 > 1, then for y = wu,
we have

(y,u) = yl3 > llyll2,
and (1) does not hold. Therefore

u:||ulls <1}, =0
ol = { feelle =t 220

2. By the subgradient inequality, we have
f(@) > f@)+s(x—7) forallzedomf

Suppose that the subdifferential df(Z) is unbounded. Let s; be a sequence of
subgradients in 0f(Z) with ||sk| — occ.

Since Z lies in the interior of domain, there exists a § > 0 such that & 4 dy €
dom f for any y € R™. Letting x = 2 + ém for any k, we have

f <@+5|z’;”> > f(Z)+0||skl]| forall k



As k — oo, we have f (':E + 5H‘;—:H) — f(Z) — oco. However, this relation contra-

dicts the continuity of f at .

3. (a) The first part of the proof is elementary: Vg, € 9f1(x), Vg2 € df2(x), we
have
fiy) = file) + (9i,y — ) yi = 1,2,¥a,y € RY.

Hence,
f) = f(@) + {92 + g1,y — ),

Therefore g1 + g2 € Of(x).
The second part of the proof is kind of difficult and is optional, please refer to
Moreau-Rockafellar Theorem if you are interested. (See, for example, Theorem

2.9 in On subdifferential calculus.)
(b) For any A”g € ATOf(Ax + b). Then,

f(Ay +b) > f(Ax +b) + (Ay — Az, g)

for all y € RN. Hence, AT0f(Ax + b) C dh(x).
On the other hand, for any g’ € Oh(x). Then,

h(y) > h(z) + (y — =, g'),

for any y € RY.
Note that for any ATg € ATof(Azx +b),

h(y) > h(z) + <y —x, ATg> :

Then g’ € AT0f(Ax + b) and Oh(x) = ATOf(Azx + b).
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