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Black-Scholes Model

Assumptions of Black-Scholes model

(1) Stock price (St)0≤t≤T follows the Black-Scholes model:

St = S0 exp
(
(µ− σ2/2)t+ σBt

)
,

or equivalently,
dSt = µStdt + σStdBt.

(2) Risk-free interest rate r is a constant.

(3) Moreover,

Short selling is allowed.

No transaction fees.

All securities are perfectly divisible.

No dividends during the lifetime of the derivatives.

Security trading is continuous.

No arbitrage opportunities.
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Replication under Black-Scholes model
Back to the martingale approach

Dynamic trading

Dynamic trading: let tk := k∆t, risky asset price (Stk)k≥0, interest rate
r ≥ 0.

Discrete time dynamic trading between tk and tk+1:

Πtk+1
= φtkStk+1

+
(
Πtk − φtkStk

)
(1 + r∆t)

= Πtk +
(
Πtk − φtkStk

)
r∆t+ φtk

(
Stk+1

− Stk
)
.

Then

Πtn = Π0 +

n−1∑
k=0

(
Πtk − φtkStk

)
r∆t+

n−1∑
k=0

φtk
(
Stk+1

− Stk
)
.

The continuous time limit:

ΠT = Π0 +

∫ T

0

(Πt − φtSt)rdt+

∫ T

0

φtdSt

= Π0 +

∫ T

0

(Πt − φtSt)rdt+

∫ T

0

φtµStdt+

∫ T

0

φtσStdBt.
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Replication under Black-Scholes model
Back to the martingale approach

Dynamic trading, discounted value

Let tk := k∆t, risky asset price (Stk)k≥0, interest rate r ≥ 0. We
consider the discounted value:

S̃tk := Stk(1 + r∆t)−k, and Π̃tk := Πtk(1 + r∆t)−k.

Then

Π̃tk+1
= Πtk + φtk

(
S̃tk+1

− S̃tk
)
,

so that

Π̃tn = Π0 +

n−1∑
k=0

φtk
(
S̃tk+1

− S̃tk
)
.

The continuous time limit:

Π̃t := e−rtΠt, and S̃t := e−rtSt = S0 exp
(
(µ− r − σ2/2)t+ σBt

)
,

and

Π̃T = Π0 +

∫ T

0

φtdS̃t = Π0 +

∫ T

0

φt(µ− r)S̃tdt+

∫ T

0

φtσS̃tdBt.
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Replication under Black-Scholes model
Back to the martingale approach

Dynamic trading strategy

We say a portfolio (Πt)t∈[0,T ] is self-financing if

dΠt = (Πt − φtSt)r dt + φt dSt,

⇔ Πt = Π0 +

∫ t

0

(Πs − φsSs)r ds+

∫ t

0

φs dSs.

where Πt denotes the total wealth of the portfolio, φt denotes the
number of the stocks in the portfolio, Πt − φtSt denotes the wealth
invested in the risk-free asset.

Or equivalently, (Πt)t∈[0,T ] is self-financing if

dΠ̃t = φt dS̃t ⇔ Π̃t = Π0 +

∫ t

0

φs dS̃s.
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Replication under Black-Scholes model
Back to the martingale approach

Option pricing by replication

Let us consider the European call option with payoff g(ST ), if there is a
self-financing portfolio Π such that

ΠT = g(ST ) (or equivalently Π̃T = e−rT g(ST )),

then the option price at time t is given by

Πt.

Option price at initial time 0 is Π0.
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Replication under Black-Scholes model
Back to the martingale approach

Black-Scholes Formula

Notice that

S̃t = e−rtSt =⇒ dS̃t = −re−rtStdt+ e−rtdSt.

Let u : [0, T ]× R→ R be a smooth function, and

Ṽt := e−rtu(t, St) = e−rtu
(
t, S0 exp

(
(µ− σ2/2)t+ σBt

))
.

Then by Itô’s formula,

dṼt = d
(
e−rtu

(
t, S0 exp

(
(µ− σ2/2)t+ σBt

)))
= e−rt

(
∂tu(t, St) + µSt∂xu(t, St) +

1

2
σ2S2

t ∂
2
xxu(t, St)− ru(t, St)

)
dt

+ ∂xu(t, St)e
−rtσSt dBt

= e−rt
(
∂tu(t, St) + rSt∂xu(t, St) +

1

2
σ2S2

t ∂
2
xxu(t, St)− ru(t, St)

)
dt

+ ∂xu(t, St) dS̃t.
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Replication under Black-Scholes model
Back to the martingale approach

Black-Scholes Formula: Delta hedging

Let u : [0, T ]× R→ R satisfy

∂tu(t, x) + rx∂xu(t, x) +
1

2
σ2x2∂2xxu(t, x) − ru(t, x) = 0,

and u(T, x) = g(x).

Then Ṽt := e−rtu(t, St) satisfies

Ṽt = u(0, S0) +

∫ t

0

∂xu(s, Ss)dS̃s.

Further, with the dynamic trading strategy φt = ∂xu(t, St), and initial
wealth Π0 = u(0, S0), one has

Π̃t = Π0 +

∫ t

0

φsdS̃s = u(0, S0) +

∫ t

0

∂xu(s, Ss)dS̃s.

It follows that

Π̃t = Ṽt = e−rtu(t, St) ⇔ Πt = u(t, St).
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Replication under Black-Scholes model
Back to the martingale approach

Black-Scholes Formula: Delta hedging

Since u(T, x) = g(x), one has

ΠT = u(T, ST ) = g(ST ),

i.e. the perfect replication of the payoff of the call option.

(1) Solve the Black-Scholes PDE

∂tu(t, x) + rx∂xu(t, x) +
1

2
σ2x2∂2xxu(t, x) − ru(t, x) = 0,

with terminal condition u(T, x) = g(x).

(2) Construct a perfect replication portfolio Π, i.e. with initial wealth
Π0 = u(0, S0) and dynamic trading strategy φt = ∂xu(t, St), one
has

ΠT = g(ST ).

(3) The call option price is given by

Π0 = u(0, S0).
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Replication under Black-Scholes model
Back to the martingale approach

The Black-Scholes equation

Theorem 2.1

Assume that u satisfies the Black-Scholes equation

∂tu+
1

2
σ2x2∂2xxu+ rx∂xu− ru = 0,

with terminal condition u(T, x) = g(x).

Then, for option with payoff g(ST ) at maturity time T ,

its prices at time 0 is given by u(0, S0),

the corresponding replication strategy is φt = ∂xu(t, St).
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Replication under Black-Scholes model
Back to the martingale approach

Girsanov Theorem

Recall that S satisfies the dynamic

dSt = µStdt+ σStdBt,

where B is a standard Brownian motion. Let us define

BQ
t := Bt + λt, with λ :=

µ− r
σ

,

so that
dSt = rStdt+ σStdB

Q
t .

Theorem 2.2 (Girsanov)

Let us define a probability measure Q : F −→ R by

EQ[ξ] := E
[
ξ exp

(
− λ2T/2− λBT

)]
, for all (bounded) r.v. ξ.

Then, the process BQ is a standard Brownian motion under the
probability measure Q.
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Replication under Black-Scholes model
Back to the martingale approach

Continuous-Time Risk-Neutral Valuation

In the risk neutral world (under the risk neutral probability Q), the stock
price follows:

dSt = rSt dt+ σSt dBQ
t ,

ST = S0e
(r− 1

2σ
2)T+σBQ

T ,

ln(ST ) ∼Q N
(
ln(S0) + (r − 1

2σ
2)T, σ2T

)
.

Theorem 2.3

For option with payoff g(ST ), its price at time 0 is given by

u(0, S0) = EQ[e−rT g(ST )
]
.
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