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IV: Continuous Time Market,
Part B: the replication approach
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Black-Scholes Model

Black-Scholes Model

Assumptions of Black-Scholes model
(1) Stock price (St)o<i<r follows the Black-Scholes model:

Sy = Soexp ((n—0°/2)t + 0By),

or equivalently,
dSt = ,UStdf + O'StdBt.

Risk-free interest rate 7 is a constant.
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Moreover,

—~
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Short selling is allowed.

No transaction fees.

All securities are perfectly divisible.

No dividends during the lifetime of the derivatives.

Security trading is continuous.

No arbitrage opportunities.
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Dynamic trading

Dynamic trading: let ¢; := kAt, risky asset price (S, )x>0, interest rate
r > 0.

Discrete time dynamic trading between ¢; and tj41:

Htk+1 = ¢tkStk+1 + (Htk - qstkstk)(l + ’I“At)
= Htk + (Htk — ¢tkStk)TAt + ¢tk (Stk+1 — Stk)

Then
n—1 n—1
th = H() + Z (Htk — ¢tk5tk)7"At + Z (’)tl. (Sthrl — ka-)'
k=0 k=0

The continuous time limit:

T T
HT == HO + / (Hf - ¢tSt)Tdt + / C)f(le
0 J0

T T T
= HO + / (Ht — (tht)rdt + / OTIU/Sfdt + / ([)tUStdBt.
0 0 0
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Dynamic trading, discounted value

Let ¢ := kAt, risky asset price (S, )x>0, interest rate r > 0. We
consider the discounted value:

Sy =Sy, (1+7AH) ", and II, := Iy, (1 4+ rAt) =",

Then
ﬁtk+1 = Iy + ¢, (gtk+1 - gtk-)’
so that :
ﬁtn = HO + Z (f)fk (gfk+1 — gtk)'
k=0

The continuous time limit:
ﬁt =e "II,, and §t =e "8, = Syexp ((u —r— 02/2)t + aBt),

and
T

T T
HT = HO + / c/)tdSt = HO + / (j)t(,u — 7')Sfdt + / thO'StdBtA
0 0 0
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Replication under Black-Scholes model

Replication under Black-Scholes model Back to the martingale approach

Dynamic trading strategy

We say a portfolio (I;)¢cjo,7 is self-financing if
dil; = (II; — ¢¢Se)rdt + ¢y dS;,
t t
& I = HO + / (Hs - (/)SSS)TdS + / d)s dsSs.
Jo Jo
where II; denotes the total wealth of the portfolio, ¢; denotes the
number of the stocks in the portfolio, II; — ¢;S; denotes the wealth

invested in the risk-free asset.

Or equivalently, (I1;).e(0,1) is self-financing if

t
dHt = ¢t dSt =4 Ht = H() +/ ¢3 dSS
0
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Option pricing by replication

Let us consider the European call option with payoff g(St), if there is a
self-financing portfolio II such that

IIr = g(St) (or equivalently Iy = e "Tg(ST)),
then the option price at time ¢ is given by

I,.

Option price at initial time 0 is IIj.
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Black-Scholes Formula

Notice that
Sy =e S, = dS, = —re "'Sdt + e~ "'dS;.
Let w: [0,7] x R — R be a smooth function, and
Vi = e "u(t, Sy) = e "tu(t, Soexp ((n — 02/2)t + 0 By)).
Then by 1t6’s formula,
aV, = d(eu(t Soexp (- 0*/2)t + o By)))
= et (8tu(t, Sy) + uSidyult, Sp) + %UQSfaixu(t, Sy) — rult, st)) dt
+ Oyul(t, Sy)e "o S, dB,
= et (8tu(t, Sy) + 1S 0pult, S;) + %ﬁsfaizu(t, S,) — ruft, st)) dt
+ dyul(t, S;) dS,.
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Black-Scholes Formula: Delta hedging

Let w: [0,7] x R — R satisfy
1
ou(t,x) + redyu(t,xz) + 502332853011(75,1‘) — ru(t,z) = 0,
and u(T,z) = g(x).

Then V, := e~ "u(t, S;) satisfies
t
¥, = u(0, So) +/ D,u(s, S2)dSs.
0

Further, with the dynamic trading strategy ¢: = d,u(t, St), and initial
wealth Ty = (0, Sp), one has

I, = II, +/ dsdSs = u(0,5p) +/ Ozu(s, Ss)dSs.
0 0

It follows that

IL =V, = e "tu(t,Sy) < I =ult,Sy).
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Black-Scholes Formula: Delta hedging

Since u(T, z) = g(x), one has
Or = u(T,5r) = g(S7),
i.e. the perfect replication of the payoff of the call option.
(1) Solve the Black-Scholes PDE
1
Opu(t,z) + redyul(t,x) + 502x28§xu(t,x) — ru(t,z) = 0,

with terminal condition u(T,x) = g(z).

(2) Construct a perfect replication portfolio I, i.e. with initial wealth
Iy = u(0, Sy) and dynamic trading strategy ¢: = 0, u(t, St), one
has

HT = g(ST).
(3) The call option price is given by

HO = U(O, So)
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

The Black-Scholes equation

Theorem 2.1

Assume that u satisfies the Black-Scholes equation

1
Ou + 502z2032mu + rxdy,u —ru = 0,

with terminal condition u(T,x) = g(x).

Then, for option with payoff g(St) at maturity time T,

its prices at time 0 is given by u(0, Sp),

the corresponding replication strategy is ¢y = Oy u(t, St).
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Girsanov Theorem

Recall that S satisfies the dynamic
dSt = /IStdt + O'StdBt7
where B is a standard Brownian motion. Let us define

BY = B, +At, with x:= 2"
ag

so that N
dSt = T‘Stdt + U'StdBt\i

Theorem 2.2 (Girsanov)
Let us define a probability measure Q : 7 — R by

E%g] i= E[¢ exp(—\T/2-ABr)], for all (bounded) rv. &,

Then, the process BQ is a standard Brownian motion under the
probability measure Q.

v
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Replication under Black-Scholes model
Replication under Black-Scholes model Back to the martingale approach

Continuous-Time Risk-Neutral Valuation

In the risk neutral world (under the risk neutral probability Q), the stock
price follows:

dS; = rSydt + 05, dBY,
St = Soe(riéo2)T+UBga

In(Sr) ~¢ N (In(So) + (r — 30T, o°T).

For option with payoff g(St), its price at time 0 is given by

u(0,Sy) = E@[e_rTg(ST)].
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