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1. (Ex.6 Ch.9 in textbook) Prove that (" is a quadratic polynomial in p.
Solution. Recall we have the formula:

()% = 4(p —e1)(p — e2)(p — e3)

where e; = p(1), es = p(3), es = p(147) are constants. Then we differentiate it on
both sides,

20/ 0" = 4¢/ (39> — 2(e1 + ex + e3)p + e1ea + eges + e1e3)

Thus ©” = 6p* — 4(e1 + ex + €3)p + 2e165 + 2eze3 + 2e1e3 is a quadratic polynomial in
©.
<

2. (Ex.7 Ch.9 in textbook) Setting 7 = 1/2 in the expression

= (m+T)?  sin®(w7)
deduce that ) )
1 T 1 7
> gty wd ) —s=T =)
m>1,m odd m>1

Similarly, using > 1/(m + 7)* deduce that

7)*
Z 1_7T and 21—7-[_4—4(4)
m* 96 m* 90
m>1,m odd m>1
These results were already obtained using Fourier series in the exercises at the end of

Chapters 2 and 3 in Book I.

Solution. We have

= (m+ %)2 sinz(g)
— _— —
m:zoo em+12
e - 8 2
B ——
= (2m +1)?

=~ 1
= > =%

m>1,m odd



For > -, #, because everything is absolutely convergent, we can arbitrarily exchange
terms:

= 1 =~ 1 - 1
Yoy Loy L
m>1 m>1,m odd m>2,m even
=~ 1 &1
= > St T2
m2>1,m odd m>1
1 4 & 1 7P
— 275 X i
m>1 m>1,m odd
similarly for >~ °_ m, by differentiate
= (m+T)? sin?(77)
twice and replace 7 by %, we have
= (m+ %)4 3
Then
- 1 m =1 m
D, =g ad D =0
m2>1,m odd m>1
<
3. (Ex.8 Ch.9 in textbook) Let
1
Ey(r) = Z 1
00y (7T

be the Eisenstein series of order 4 .

(a) Show that Ey(1) — 7*/45 as Im(7) — oo.

(b) More precisely,

<ce?™ ifr=gx+itandt > 1

(c) Deduce that

4

Ey(1) — 7_47T—

I <ct e ¥t ifr=itand0<t<1

Solution. (a) Itis a consequence of (b).



(b) Recall Theorem 2.5 gives us the formula, for £ > 4 even:

2(—1)*2(2m)k &
(k—1)!

2mirT

Ex(1) =2¢(k) + or—1(r)e

r=1

Where o;(r) = >, d' From previous result, we know that ((4) = g—;, Thus

2

E4(7_) - 2((4) = Ek(T) — 2—5 = % Z 0-3(,,,.)6271'2'7"7'

We need to estimate the right hand side, in fact,

2(—1)%(2m)* & , - :
| ( 2))‘( ) Z 0_3(T>€2mrr| < ¢ Z ’0_3(7,)627mr7'|
’ r=1 r=1

oo
<a Z rte 2 where t = Im7
r=1
e}
_ 616727& Z 7,46727#/(1"71)
r=1
< ce because e~ 2™(""Y) decay rapidly

(c¢) From theorem 2.1(iii), we have
Ei(r) = T_kEk(—l/T)

Thusif 7 =dtand 0 <t < 1,let = —1/7, then

B —47T_4 14 B 47T_4 < |92/t _ A =2/t
|Ey(T) — 7 45| |0°E4(0) 945|_|«9 |ce ct e



