
 

Lemma1.9 Every even elliptic function F with periods I e e

is a rational function of 8

Pf Step1 May assume F has nozeros a poles on h the

lattice generated by 1 t

PfofStep1 If F has a zero or pole at some point in11

then periodicity O is a zero or poleof F

F is even o is of even order 2k

Since 8 has a pole oforder 2 at 0

F Pt I depending on O is azero or apole

is an evenellipticfunction with no zero or pole on N

If F P R P is a rational function of P

then so is F P R P

Step2 Suppose F has nozero a pole on N Then F

is a rational function of P And the proof of the

lemma is completed



Pfof step2 If a411 is a zero of F then

a 4 1 is a zero of F since F is even
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has the samezeros as F counting multiplicity

Similarly if by bm are polesof F then
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has the samepoles as F counting multiplicity

Therefore F and
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Fg is holo and hasperiods I e c

since G is clearly has periods I e e

HenceThm 1.2 F CG for some constant c

F is a rational function of P



Thm1.8 Every elliptic function f with periods I t is a

rational function of P and P

Pf f Seven t food with

1
ferencz f Ift is even elliptic or 01

I
foadz f ft is odd elliptic or 01

Observe also that fog is even elliptic

Applying Lemma1.9 to fever and todd it is clear

that f is a rational function of 8 8

Infact f R P 81218 where Ri Ra are rationalfunctions



2 Modular Character of Elliptic Functions Eisenstein Series

Note P depends on cell 1 and will be denoted by

Pe in this section as we will study how be depends

on T Modular Character of 8
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Def Modulargroup groupoftransformations of 1H generated
by T HII T H E
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