



































































































































Ch9 EllipticFunctions

Recall The elliptic integral

d's
IG I e guys argyle locks

gives amap conformalmap of 1H to the interiorof the

rectangle R with vertices K K K tik Ktik

K tik Ktik

ShK k
y 1 I ya

let sn I R IH bethe inverse conformalmap

Then boundary straight lure segments are map into real axis

Schwarz reflection principle extend snez analytically to

K tik Ktik
R

K gIt
by 5h12 snit for any

k ik k in
Z inthe reflectedrectangle

Again the extended such mapsboundary straight lure segments

into real axis Schwarzreflection principle implies Shel is

extended analytically to






































































































































Ktrk Ktik For ZERz
R

R
k ik y

5h17 Sh f iz KfzK

ight sneak't
Ra

typo inTextbookK Lik K zik

ZERR KIZER IZKIZER

Note that she has a pole in the interior of RUR uRz as

Ilo E kik's Ktrk's and hence a point on I K ik K ik's

maps back too

And soon and also reflect upward

snot is analytically continuated to the infinite strip

Sn S K Retz CK A

such that boundaryvertical lines are mapsinto real axis

Applying reflection principle again but horizontally

K K 3k 5k I

g EEE Itak

Sh 2 She Eek Sh IZ14K






































































































































Snes is extended to a meromorphic functions on A with

Sh iz Sh Z t z ik

I Sh z Sh Zt 4K

I Elliptic Functions

Def A function f with 2 periods w and we i.e

f Z w f iz fatwa f Iz t z ed

is said to be doubly periodic

Remark If w we are linear dependent over IR is uninteresting

In fact if wya EIR note WiWato asperiods then

either f is periodic with a simple period Y E Q

or f cast WYw ER IQ

Hence we always assume without loss of generality that

interchanging

Im I O i.e CE IH wiewe ifneed


















































































Note f has periods w wz

F z f co z has period I t

F Zt 1 f W ZTW f W Z F Z
Fate f Wiz w I few it Wa few Z FR

And f meromorphic F meromorphic

i

One only need to study doubly periodicmeromorphic

functions with periods 1 and I with Ink 0

Def The set 11 3n me n me 2 is called the

lattice generated by 1 and I

Def The fundamental parallelogram associated to the

lattice Il is

Po Zed z at be whereo sa s t of bat

A periodparallelogram P is any translationof Po

P Poth wish he d



EasyFacts Prop1.1

l If f is doubly periodic with periods 1 e then

f Z N fCZI f R E N HZEA

ie F z m t ne f z t m n EZ A Zed

f is constant under translationsby elements in 11

ie if Z w congruent modulo A

where Z W mod A Z WE 1

then f z f W

21 Any ZEE I uniquept we Po sit

Z W mod A

Same conclusion for any periodparallelogram D Poth

Pf Let ZEE



Imt 0 Ia ber sit Z Atbe

Z fa Tat t b IS It Iast EST

where a largest integers a
same fab

Then W EAST b EDDIE Po Sit

Z W a b TEA

For uniqueness if W W EP Sit Z W Z wz

Then Wi Wa ie W W El

Note that if Wi ait bit 1 1,2

then Wi Wa Ca Az b but EA

Hence a auth and be bath

for some n MEX

But Wie Po Of dial Of bill

Ia aalst lb balal

n m o

W Wz

Applying about to Zth we have the result for P



131 If f is doubly periodic with periods I e e then

f is uniquely determined by f p fa any P Poth

Pf Easy consequence of 111 2

4 A my ht met Po

A is covered by period parallelograms translatedby latticepoints

and the union is disjoint

1 I Liouville's Theorem

Thm1,2 Anentire doubly periodic function is constant

Pf By Prop1.1 Easy facts AY If I spy Ifl

If f is entire spy If I is finite Hence f is

bold on C Liouville'sThm f const

So we define

Def A non constant doublyperiodicmeromorphicfunction

is called an elliptic function



Thin1.3 Thetotalnumber countingmultiplicity of poles of

an elliptic function in Po is always 22

Pf Suppose that f has no poles on 2Po

g s me

Then
o

ai Eres f Spot

Sits t f Si fade

Note that

S If z dz fate dz fadz Ce n aperiod I

f fez dz If Ztt dz If Z dz f I is aperiod

2T i Res f O

f has at least 2 poles counting multiplicity

Otherwise Eres f 0

If f has a pole on Po then choose he A smallenough

suchthat f has no pole on OP where D Poth

Same argument shows that f has at least 2 poles



Thm1.4 Everyellipticfunction oforder m has m zeros in Po

Thetotal numberof poles countingmultiplicity of an elliptic

function is called its order

Pf 1stassume no zeros or poles on 2Po
Then argument principle

2 Ii Nz Nj Sap Iz dz

where Nz numberofzeros countingmultiplicity

Np numberof poles orderof f m

Same argument as in the proof inThm1.3 periodicity

Sap I 0 Nz Np m

If f has zeros or poles on 2Po then works on Op

of P Poth with small h E C X

Cor If f is anellipticfunction oforder M then t c ed

f z C has m solutions in Po countingmultiplicity

Pf t c e e f c is also an elliptic function with same

periods 1 T A



1.2 TheWeierstrass f function
Anellipticfunction of order 2

Lemma1.5 If r 2

I 1 I

n m too th it lml r
and I

n m coo Int me
r converge

Pf As both series has positive term convergent isequivalent

to absolute convergent

Hence the orderofsum i.e rearrangement doesn'tmatter

providedwe canprove convergence

Fix an n 0 and consider

1
Fez initial r hir t É in mgr

Ipt 2Em tr

E shirt 2 dir

Kirt hit

2
I 1

in m cop initial E thtr t Io Ez initial r



EEE tr t É E Thi i

to since r 2 r i 11

Ii The series I
nm too initial r Converges

Toprove the 2ndseries converges we claim that

Claim A IE IH I 8 Elo 1 such that

Intmel Je Int mil t n me Z

Pfofclaim Consider function fix YI t X FR

Thenclearly f is continuous on IR fatso V XE IR

and fix 1 as x Ib Hence I 1 8 so sit fix de

Putting Am mto we have that I
til

E

intmet a del htt ml th and t m to

since ordeal the inequality is clearly correctfor no

The claim is proved

By the claim In me z Je in mil seen'tm's



Z E in time

Hence int'm ar f felimitinor

I
i Convergence of Z

nm too limiting
r

I
convergence of 2

nm log In MET

Remarks lil If Imca et o then

lyfe I 11 to where s Reks

i The lowerbound I can be chosen depending on the

lowerband to of Ian e butnot Ink

ii Eg Let E k ti fa some k 2
Then fu In m k 11 Intimi Kitt and Intmel I

i If I c o sit C Inltimi s Intmel t enmi e 2

we have chit 11 E I

C E F 70 as 1st 0

Hence such constant must depends on the upper bd of Ireful

RemarkonTextbookpage269 isnotaccurate



Def let A lattice generatedby 1st IE 1H and denote

A A a ol

TheWeierstrass 8 Function is defined by

P EatEat cop to

Them1.6 8 is an elliptic function with periods I and e
and double poles at the lattic points

Pf Step1 Theseries converges and P is a meromorphic

function with double poles at well

PfofSteph let R o Then f IZKR

Plz It Earl wya he tEarl cop
we10,01

Hwy
W z cos
Hwy a

ZZzzw
w Z WY

For 12k R and Iwl ZR I C 0 dependingonly on R C

sit 1

Ftw Iz f f 13 me13
In tmt I ZR

By lemma1.5 Earlfew he converges uniformly on KKR



Earl cop he is holomorphic in 12K R

i Plz is meromorphic in IZKR with doublepoles

exactly at z W f N with Iwl R

Since R o is arbitrary Step1 is proved

Step2 8 has periods 1 and I

PfofStep2 By the proofofstep1 8 can be calculate termwise

and we have

l
z 33 tf Ftw 2

mez Iz tht me

which converges absolutely land locallyuniformly for 7411

y
8 2 1 86

for all Z A
P z e PE

1 8 is an ellipticfunction oforder 3

Since all poles are triplepoles and have no residue

pathintegrationgives well defused constants a b sit

I 812 11 PLZ ta
I 812 4 P z b

V24A



Observe that Z PL Z by construction

I 18ft PG Pt Eti Of E ta

I 81 E PG Pt Ete PtE tb

a o and b o

1 Plz has periods 1 T

Thiscompletes the proof ofthe Them A



Properties of 8

d 8 is odd

2 811 842 84 E O

and I I I are theonlyroots of 8 in P

Pf A P even P odd

2 P E 81 HE by a

Pf the periods I e e

PIE
P E O

Similarly 8117 8957 0

SinceP'has order3 Thm1.4 P'hasexactly 3 roots in Po

I E I are all roots of P ai Po

Remarks til I E I are called the half periods

di All has multiplicity 1



Let e Pt E PIE es 8115
Then

1 t it 33 Plz ei has a double root at

1 E I respectively

2 E i i t 2,3 are distinct

Pf Since I E I are critical pointsof P they are

multiple roots of Pez ee in Po respectively

Then P has order 2 all are double roots in P

Thisproves I

If e are not distinct then one of Pesci

has 4 roots countingmultiplicity in Po

Thiscontradicts thefactthat orderof 8 2

2 is proved

Thm1.7 8 4 P e P e p ed



Pf 8 has doubleroots at E E I in Po and

same for P e P e p e

8 has polesoforder 6 at well and

same for P e P e p e

812
P e p e p g

is holomorphic

Clearly it is also doubly periodic Them1.2

812
P e P e p g

C constant

By theseriesexpansionsof P and P we have

near 2 0 P Z t

plz 3 t

i Near 2 0

C 812
P 9 P e p g

h

6 h

C 4


