
 

lemma4.4 Let Zoe DID Then ftp.FC2 exists

Pf Suppose not

Then I two sequences 32ns and Zi sit
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fig F Zn 3 3 GigFans
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let D D be discs centered at 5 5 respective with

d dist D D 0

Then I no 0 St if no no FAMEDMP
F Zi EDMP

I a continuous curve A in DAP connecting all

Flat withme no 3

ie F Zn E N t ne no and

S isoneofthe end pointof A

Similarly for n in DIP



Let it F CN and REF IN

Then R N are continuous curves in ID

and ZnE R Zn'EN t nano

Sina Zn to Zn Zo

continuity of X N implies

G intersects R and N at some

point zr and tr respectively Cr as in lemma4.37
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This is a contradiction

since
y
Zhen Feral the Dnp

ZinEN FREE MEDAP

IFaun Flzini Is dist D D 0

YEE FEI exists

Lemma4.5 The conformalmap F ID P extends to a

continuousmap from ID to P

Pf For Zoe2D define

F Zo ÉEoF z



Existenceof the limit is proved in lemma4.4

Clearly it remains to show that F is continuous at ZoeXD

Bydefinition of F Zo HE o I 8 o such that

A I FIZ F Zo c E if 17 Zok8 and ZEID
For ZEDID and IZ ZoK 8

then I we ID closeto7 such that IFIWl FA K E and

IW Zo s d

Therefore IFIZ F Zo El FA Flw IFWI Fazal
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All together F is continuous on 2D

Pf of Thm4.2
Consider G Ft P s ID

Observethat the same argument G alsoextends to a continuous

map from P to ID
It is clear that FAD CPAP and GOP CAD

If Z E 2ID take a seq 47k
C ID Sit Za z

Then GIF Zn Zk t k

Taking limit as k as and usingthe fact thatboth F G

extends continuously to the boundary we have



G FIZ Z

Similarly far we op P F Gws W

This completes the proofof theThm



44 The MappingFormula

let P bounded polygonal region

f boundary polygon of P

Al az an ordered vertices of p no

Tak interior angle at an

Tipu exterior angle at an ie pret da

Then ÉBk 2 Elementary EuclideanGeometry

let F 1H P be conformal

Existence is guaranteed by Riemann mappingthem

H IDE p

I W É 1 Gcw Fez
Riemannmap

Since G extends continuously to ID byThm4.2 and

Z H W IE clearlyextends continuously

to the boundary X axis

the conformalmap F 1H P extends continuously to It

May assume AK F'can EIR i.e novertexof pecs
Ex



F continuous bijective

A a An by relabeling an if needed

Then Ak Art Kken it s Takanti

GA AITUCan a an a

Thin4.6 let Filly P conformal s.t Flo is not a vertexofP
S Schwarz Christoffel integral in subsection4.2

with An fu as above

Then I apx constants C and Cz such that

F Z C SCZ Cz C O

Ideaof proof If F C St Cz

then FEZ
z A Z An

log F z loge É paly f Aus whenever

defined

FEE E I O

Hence we need to study i behaviorof F at Ak
dis behavior of Fat is

Hope that cis it gives the correct singularities at Ake

ait to conclude it is the constantzero



It Step1 Local behavior of FIE at Z Ak

IF 9kt

An An in FkfIi Tpr
i

Consider halz Fez an
Yak

fu ke in 1

Since I Aki CXC Ann Y o is simply connected

and Fez Ak AZ inside

halt is well defined by choosing a branch of log

By 4 o and Fiz continuous
up to boundary widudug z Ah

we see that halt extends to the horizontal

line segment Aki AKI

Note that the value of the extended hat at Ah

is haha O as

1ha IF Z auth o as 7 Ak

which shows the continuity at E An too
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hArt

And the image of the horizontal arc Can Anti is

a straight line segment by the property of the

map ZA Ika

Hence composing with a rotation of a suitable angleOk

eithermaps Aka Anti into R

Schwarzreflection principle either and hence he
can be analytically containated to the infinite strip

z Xtiy Aw X Anti

Claim hit O V ZE An Ree Anti Any Ah Anti

Note that faze AnicRee Anti AlH

FEFIEF In FL Ak

F 1H P is confamal FEZ O teeth



Hence hilz 0 t ZE An Ret Any Att

Recallthat the Schwarz reflection principle is constructed

using eight so up to a multiple of nonzero
constant 917 for ZE Any Ree Anti Into

is KEE and hence 917 0

It remains to consider Z XE Ant Ant

Note that Fleam a
is injective

can any
is also nijective

HenceEhux 0 AXE AKI AND Yuivative

since he is holo in a nbd of Z x ha 0

We've shownthat hicz 0 tee Aki Ret Anti

For Ze LAN RERAN NIH
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Lhhk1zjdhh z

Lahrajkhke

Fiz
Pr44 takeh'nlt



Smile hits to Efg extended to a meromorphic

function in An Re 2 Anti with a simplepole

at the only zero Z Am of hat

clearfrom the definition of ha on the upperhalfstrip

and the reflection principle

By Taylor's expansion of halt near Z Ak the

RezaÉ Bk

i FETEEte La.lt EHTGIIDE.EEe
EkCZ

with Entz is halo in Aki C Rett Anti

asHe lek arealso hole in the domain

Similarly there exists E 7 holo in t o c Rea Az

such that

É É É Elz t zetas reacted

and Ent hole in An ReIZ a



such that
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É 1Elz
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Ent
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step2 Global behavior of Fact
Notethat the domains of Ek Ertl overlaps on

AKRE Arti Ek Em together define an analytic

function on An Retz Aka and agree on 1H

ELEM

Akt An Anti Ake

And so on Ey En all together defines an

entire function Elz on L a Retz to



This implies FEIÉEtan is entire

Moreprecisely extends to an entire function

Steps Estimate of FYFE at a A

Notethat by uniquenessofanalytic continuation the extension

of Etty given above is equal to the extension given below

Consider R Max All IAN then F Z

is holomorphic on 1H s 1171 R
l

R H An R

Then Theme and similar argument as in Prop4.1 is

F z maps A R vCR th

into the straight line segment an a anedgeof f
Hence one can apply Schwarzreflectprinciple as before

to extend Fez analytically to

3 z 171 R

Moreover similar argument as intheproof ofhitz 0 before

we have F conformal Fez to H Z E I at R's



Andhence F ayee is well defined on ZIZI R

Since this extension coincides with the previous one

on 1171 R NIH they are identical

Now by Laurentexpansion on 1171 RS

FEZ Cot IntEY te with Cato Kel

and Co Flo EP
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z
k
CREEK HADLEIGH t
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FinalStep

By steps 2 3 the entire function

FEE É Ian o as laws



Liouville'sThin ÉEtÉBEA o
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Let QR

z A J z Ant

Then t ZE IH

EET EI ESTE IA 0

FEZ C QE H ZEHI forsomeconstantCt

Hence Fa G SE Cz K ZE IH fu suecast Cz

Notethat in Thm4.6 Flo can't be a vertex off
If Flo is a vertex of P then the formula actually

simpler with only n is degree in the denominator

With the same notations as before we have



Thm4.7 If F 1H P conformal and

maps AK Ant a to the vertices of P

then 7 ex constants C and Cz such that

ds
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Pf
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Define y z Any D I
AntDETH
g z t O

with Antti 1 1 O ER and Anti O C D 1 1

YE Hut 1H

Moreover z MW
Anti N

I I
Let Ak 4 Ak Amy An Am An

O and 0

Since Any ANTI 21 t ka gut

I 1Also Ak Ak l Anti An Anti Ak

Ak An I
An i Art1 Any Anti

For was we have

0 4 16

Hence Fox P conformal and

maps O Ats Ant to an an Ant off
still in order

with exterior angles pop But satisfying

But É Pu 2



ApplyingThm4.6 7 constants circa suchthat
z

Fox 2 CIS gray Ifl 3Arty

Hew
dsFew Ci

geog Aip 3Ants

d's
a lift gene aye is n.pmt

Notethat Fco n

Since the integral converges the formula is valid

infact cists fi s aaentcicmoeyes to a point on p

ds
Ftw CTS

gag Appel g Arty
t

where Cat G'S.isodEgsaaeutci

Now substitute 9 415 Anti

Then 3 Anti g and dig d4
An 1 1 93



Few Cat Cif ya soÉ yip Aaa Intl95
Note that 419 AE 449 4 Au

II
Anti G Anti Ak

9 Ak
Anti 9 Anti Ak

Feng Cat C
An4197 II Ian it 9 Anti ARIAdo
119 Ar Bk An 1 1 95

Using 2 But É Br
W d4

Ftw Cz t Ci É Ant Ant Jo II q AaB
W dyC So
Eigg Ayer

t

where c i II Any Anti
which is the desired formula


