



































































































































Explicitdescriptionof AutCIH

Thm24 feat 1H

f z AZtb
cud

thsome a b c de IR
ad be 1 70 Saff

Remarks Lisabe d E IR notjust G

di's any f e Aut 1H is a fractionallineartransformation

lit any f E Aut D is afractional linear transformation

PfofThm2.4

F ad be 1 a b Csd are linearly independent

inparticular c d can'tbe 0 simultaneously

ft YETI is well defined and non constant

C der f is holo in 1H

Now fixtig acxtiy tb axtbstiay
axtig d extd icy

CaxtbstiayTTextds icy
ext d eye

Imf z
ay extd cylaxtb lad boy
ext d eye I Cz df






































































































































Ftd2 0 ty o

f 1H IH

Observe that gas
de b
Cz ta

has the same form

with coefficients satisfying d a b to 1

g is well defined holo in 1H and

gain IH

Straightforward calculation

fog
a Etta tb aldab tb ceta

Eta td Cldz b decztas

ad b c Z Z
ad be

Suisilarly gotta z

9 5 and hence SE Aut1H

If fe Hut IH then BE f lose it
If p ut it U VE IR O 0

Then 4127 7 Itot e Aut 1H

as f ro ft 0 1






































































































































And 41ps
Uti i hence 4 i B

Consider 9 504 e AutCIH

Then glisfoxies fcp i

Tig Fog Ft EAutCD where FEEE
satisfies

p g o FogoF o Fogle Fli O

Schwarzlemma g z e 2oz fu some OER

Sez Fong F Z F EOFF

p
1 e201 L
Keio Et

i Ate lzxicleizgfletzojztillte.no

i Cettétosz iced e
to

eto e to z tile é

foxiz Ost Z sit

sit Z lest

i f z Ost.EU sing

sina.EU

t6s0Gz EUUOtvsi0
F

Atif z Cusittuoso
a






































































































































Clearly coefficients are real and

Cest Use V00 sino C UGO Using
to a e

NO sir I

i f is of the required form A

Remark Theproof intheTextbook uses the following relationship

between fractional lineartransformationsand 2 2 matrixes

faces EY M E
Note that

is f Id Where I 89

dis f fm FMMa

Pf a EET tb ailazztb.ltblazeda
Ci EEE di cilazztbytdik.ttde

diaztb a Zt albatbida

Gard a Z Cibaddz

provided Cadi to Cada to

Ciii Bylis dis Sm exists M exits

and fr fany






































































































































Civ However Fem Fm not i i correspondence1

Infact fwy fm the Eko's

Fa the purpose of provingThem2.4 the Textbook considered

SLUR M Ibd a b c der deta ad be I

real Speciallineargroup of degree2

and Thar2.4 can bewritten as

Ant 1H Et Stacy at psap
real projective
speciallineargroup
ofdegree2

Aut D



53 The Riemann MappingThenew

3 1 Necessary Conditions and statementof theTheorem

The Problem determine conditions on an nonempty open set

r that guarantee the existence of

conformal map F r ID

Then far satisfyingthese conditions Dirichlet problem
in r is solvable

Necessary conditions

1 If F R ID conformal then

sup F Z I
ZER

Therefore rt I otherwise Liouville'sThan

FAE cast which cannot be conformal

For convenience let we call a non empty set r

proper if r Q

2 If Fir ID conformal then F R ID is a

homeomorphism and hence R and D are

topological equivalent In particular
openand

r must be a simply connected region connectedin e



Thm3.1 Riemann MappingTheorem

Suppose region R is proper and simplyconnected

Then t Zo Er I a unique conformalmap

F R ID such that F Zo o and Fto o

i
Thismeans FEDHR
and FEZo 0

Cor3.2 Anytwo proper simplyconnected regions in Q are

confamally equivalent

Remark Hence suiply connectedregions in A fall into only
2 conformalequivalent classes I a ID

Proofof uniqueness ofThm3.1

F y
o

H Fog

G

8



Suppose that F R ID G RID are conformal

and satisfying FCA Glzo 0

FEzo 0 G Zo 0

Then H Fog D ID conformal

and H o Fo G O F Zo O

HE AutoCD

BySchwarz lemma moreprecisely Cor2.33

He etz for some OE IR

F Zoet H o FEE'cos gift Giza
readandpositive

a ETO p

And hence FOG E Z E F EG

Existensepart ismuchharder and will behandled in the

next two subsections



3 2 Montel'sThenew

Def let r c e beopen A family F of holomorphicfunctions

on R is said to be normal

if every sequence in F has a subsequence that

converges uniformly on every compactsubset of r

F is called precompact if one canmake the convergence as
a convergence of a metic space Cr d SeeMATH3060

Def let r c e beopen A family F of holomorphicfunctions
on R is said to be

is uniformly boundedon compactsubsetsof R

if t compact set Kc r I B 0 suchthat

If a E B Y ZE k and ft F

e equicontinuous on a compactset K

if HE 0 I 8 0 suchthat

whenever Z W E K with Z WKd

then I f z few I s E H f EF

Ex review MATH3060 on the relatedproperties



In metricspace setting of familyofcontinuous functions
the properties I and a are independent However

fa family of holomorphicfunctions 1 2 thanks

to the Cauchy IntegralFormula

Thm3.3 Suppose F is a family of holomorphicfunctions on r
that is uniformly bounded on compactsubsets of r

Then i F is equicontinuous on every compactsubsetof r

Is F is a normalfamily

Pfof i
let Kc r be compact

Then I r o such that t Ze k Dar Z C R

or at dist k 22

If Z we k and iz wi s r I or

let 8 2Darn
Then Cauchy's integralfamula

FE few

ft is EE Ja



If few le 1151331 Ez Iw d

1513,1 IZ Wl
1321 5 w

1931

S 1ft l j Ids I
r

By assumption I B 0 Sit If a E B VEER ft F

we have fiz few e BIZ Wl
ta

2T ar

21 Z W

H Z WE K IZ WI Cr Vf EF

This implies F is equicontinuous

To provedis we need the following

lemma3,4 Any openset r f e has a compact exhaustion

Recall

A compactexhaustion simplecalled exhaustion in theTextbook

of r is a sequence
I keg of compact subsets of r

such that



i ke c int Kee t b 1,33

cis t compact subset K of R I ke suchthat

KC Ke

In particular R Wke

Pfof lemma3.4

If R isbounded Ke ZER distcz or set
is the required compactexhaustion

If r is unbounded

Ketzer dist Ear ate and lake

is the required compactexhaustion

Ex give the details

Pfofcis ofThm3.3

let Ifa É C F be a sequence

let K or be compact

Then by lis fast is uniformly bounded and

equicontinues on K

Arzela Ascolitheorem on the metricspace CCKda
review MATH3060



I subsequence of Ifa's converges uniformly on K

let Ike E be a compactexhaustionof r

Then Itn's has a convergent subsequence Ign is an k

in uniformmetric
Applying thesame argument

Ign has a convergent subset Ign on Kz ok

in uniformmetric

And so on we have subsef Ign e s of Ifn

satisfying
i Iguessconverges uniformly on Kes ok

Cii Ign et is a subseq of gu e

Then the seg Ignn's is a subsequence of Ifn
that converges uniformly on Ke te 1.3

SinceIke's is a compactexhaustion of r
Igain converges wifely in any compact Kcr

as Kc Ke ta sme e

This proves F is normal



Prop3.5 let once be aregion

Ifn's f be holo functions on r such that

fn f uniformly on every compactsubset of r

If fu are injective then

f is either injective a constant

Pf Supposethat f is notinjective

Then I Zi Zz Er such that

Z Zz but f ZD f Zz

Define SnCZ face fu Zi

Then
y
Gatz 0

gu z 0 Azeryzis since fu injectives

As far f uniformly on apt subset

gu g f fan uniformly on cpt subset

If g 0 then za is an isolatedzero of g
Giza f za Fez o

K S ds
1374 2

z EE
along a small circle 13 take around Zz

sit 913 O V 13 Zale E



Then Ig gt unifarly on 13 74 E

and hence S
15 zeke

d's Ii d a 1

This is a contradiction as Gn has no zero in B Zak E

Ii f gigdes o f n

1 g 0 f z f as a constant t ZE r

Remark The argument in theproofof Prop3.5 gives the following

HurwitzTheorem

If fn f analytic in R fuk 0 tzer and

for converges uniformly to f on everycompactsetof r

then either is fine or

Cii fez to VZER

And clearly HurwitzThm Prop3.5



3.3 Proofof the Riemann Mapping Theorem

step1 For a proper and simply connected region R

and Zo ER I conformal

f r f R C ID St F Zo O flzo O

Pf R is proper I at dlr

EI
be 4
1 15

Then I is simply connected

gas log iz a is well defined inn

Clearly lil G is injective

Lii H wer g z g instate t z Er

bytaking exponential

Claim H wer I r o sit Dr guitar ngCr 0

Pf Suppose not then I Zn tr such that

g Zn GW ziti

Takingexponential Zn W

And hence gun gin which is a contradiction

rThen NZ
ge ga i

is holo injective



and they
t

1913 gastaxis
s 5 1

h r h r C ID confanal

Finally Jez it has has
1 hat has

e Yaa0h17

where Ya as in subsection 2,1 OER to be chosen

is holo injective for C ID and fro O

Furthermore flzo et Yai Chao had
Hence if D arg ftp.fhlzohzo

then f zo O A

step Theproof canbereduced to the case that

R is a suriply connectedregion in ID with Zo O Er

Pf If RiemannMapping Themholds in thecase as instep2

then I confamal f for ID confaual

f 10 0 540 O

where f is given in Step1

Then F f of r ID is conformal



and F Zo fi f Zo f o 0

F Zo fi o f Zo O

Steps For simply connected region or C ID containing 0

I F e F far ID kolo injective foto

sit Flo If Ifto

Pf Clearly fired ID th z e tf
i F 0

This also replies S Aff1507171

Ontheotherhand by Cauchy inequality Cor4.3 in chz

s EYE fios a suice fest If Kl

Hence I f ne F such that

Ifilo s as n is

By Montel'sTheorem Thin3.3 F is normal
as F is uniformly bounded

I subseg let call it for again converges

uniformly on every compact subset to a holo f on r



Then f o O and Hosts
Stl f constant

Hence Prop3,5 f is injective as fu are injective

I SEF This proves step3


