



































































































































5.4 Schwarzreflection principle

Def An openset raid is symmetricwithrespectto
region

the real line if

Z ER E ER

If r is symmetric wat R line we denote

pyert z xtiger y O's

E IZ xtiyer yeo's

It Rn IR I maynot be a single interval

Then r R U I UN

Thm 5.5 Symmetryprinciple

If Start e f or a holo suchthat

f extendcontinuously to riot with

fta FIX VXEI

then ft z zest

Z ft z f e Ze I is holo on d

f CZ ZEN






































































































































Pf Clearly only need to show that

f is holo at points of I
I

Hence we only need to consider

a disc
DC DC R St

its center E I

Then D is symmetricart IR line too

Consider triangle T C D

If T C D or D

then Cauchy'sThu If de 0

If TAI 0 then Te

Case I Th I avertexofT

Approximateby a Tec Dt a 5
Then uniformcontinuity off Getdz o te o

Sayf dz o

Case2 TAI an edgeof T

Sameargument as in Case 1






































































































































Case3 TnDHG and T75 0
Then TMI divides T into triangle I

I T
or polygon completely contained in

DUI a DUI

If it is a triangle apply case 2

If it is a polygon subdivide thepolygon intotriangles

as in Cases 1 2 Then using results in cases 1 2 and

bythe cancellationofthe integrals along the commonedges

we have
Say fdz o

By Morera'sThm Thm5 1 f isholo on I
































































































































Thm5.6 Schwarz Reflection Principle

let I region be symmetric wit IR line

f rt Q is holomorphic and extends

continuously to I suckthat

o f x E R F X EI

Then I F r I holomorphic suchthat

F let f

Infact F is unique byThm4.8 assumingconnectednessof R

Pf Define f Z FEET fu ZEN

ÉIEThen it is easy to check fees
f r is holomorphic

f extends continuously to I

and AXEL f x SET I fix as fix ER

ByThm5.5 symmetricprinciple

FG L
SAY ZE Rtu I

is holomorphic on r

f z F Z Est

andclearly Flat f A



55.5 Runge's Approximation Theorem

Omitted



Ch3 MeromorphicFunctionsandthe Logarithm

I Zeros and Poles

That I Them1.2 R open in O ZoER

f holo in R or r 4703

Then in a nbd of Zo I holo function 8 and integer he 1 St

fez y
Z Zo go Zo is a zero f holo air

z 705 go Zo is a pole f holo in 11374

multiplicity of zeros and poles

simplezero and simple poles

Laurent series expansion fiz Egan z zo isolatedsnigularities

Principalpart at a pole
Residue at a pole

y
residue

ÉÉÉÉ theomannd.ttI



2 The Residue Formula

Thin21 Cor2.2 Cor2.3 Residueformula

suppose f holo in an opensetcontaining

a simpleclosed tve oriented piecewisesmooth curve r

and inter exceptforpoles at 5 Zn e intr

Then

Sf z dz It É resent

53 Singularities and meromorphic functions

Thm3.1 Riemann'sTheoremon removablesingularities

Suppne r openin G Zoe R

f Rk Zo Q holomorphic

If f is bounded on 212203

then Zo is a removablesingularity

ie f canbeextended to a holomorphicfunction on r

Faisolatedsingularities either removable If boldnear to
pole if to as 7 70

or essential singularities



Thm3.3 Casorati Weierstrass

If f DrZo Yzo holo and has an

essential singularity at Zo then

f Dro Izzo's dense in Q

extendedcomplexplane

rational functions
I self readingRiemann sphere

Stereographicprojection

4 Theargument principle and applications

Thm4.1 Cor4.2 Argument Principle

Suppose f mero in an opensetcontaining a simpleclosed tveniented
piecewisesmooth curve r and inter

If f has neither zeros nor poles on V

then at IE dz Z P

where Z numberofzeros off in int r

P numberofpoles off in int r



Thm4.3 Rouché'sTheorem

Suppose f g areholo in an opensetcontaining a simpleclosed

piecewisesmoothcurve r and int r If

If iz I 1912 I t z e 8

then f and ftg havethesame numberofzeros in inter

Thm4.4OpenMappingTheorem

If f holo on a region R f const then f isopen
ie f maps opensets to opensets

Thm4.5 Maximum modulus principle

If f holo on a region R f const then

IfI cannotattain a maximum in R

Forsimplicity sometimes wejustsay maximumof f fu maximumof Ifl
Icp x valued

Cor4.6 suppose R is a region with compactclosure I

If f holo on r continuous on it then

SEE If A I s sup HasZETS r


