
 

Review Chl 3 of theTextbook

Chi Preliminaries to Cpx Analysis

I Cpxnumbers Cpx plane Selfreading

Recall notations

Opendiscof radius r centered at Zo Dr zo zed A tok r

closed discof radius r centered at Zo Jr zo Eek 17 zokr

boundary of Dr Zo or Brito Creo ZEE Z Zo ft

unit disc D ZEE 12kt

diameter of a set r ca diam r gypertWl

region open connected set in E

52 Functions of the Cpxplane

2.1 Self reading

22 Holomorphic functions

r openset in E

f cpx valued function our



Def f is holomorphic at the point Zo ER if

fin
fizoth 5170 exists

h

he d h to st Zoth Er

And if it exists it is called the derivativeof fat to

f a gig
thoth fro

h

f is said to be holomorphic on r if f is holomorphic
at Zo U Zoe R

If C is a closed set in 0 then f is holomorphic onC

if I open set r sit C or and f is holomorphic

on R

f is called entire if f is holomorphic on A

Cauchy Riemann equations

If f ut to holomorphic on R open u u IRvalued

then
y
ux by on r
Uy Ux



Cpx differential operators Iz Ee

Ext Ey EE éEy
E Ex I 3 E CE ti Ey

Then Cauchy Riemann 27 0

Prop2.3 f utiv holomorphic at to then
EECZo o

3 Zo f Zo 2 2 Zo

Also Fir IR x y t ucx.gs uGyi is differentiable
as role mapping

and Iet Jelxo yo If'czo t

where Jp is the Jacobian matrix of F

Them2.4 f ut it defined on an open RCG

U U are real valued functions on r

If U U E C er and satisfy Cauchy Riemanneft
Ux UyI uy y

ou r

then f is holomorphic on R f



2 3 Power series II auth an Ed

absolute convergence att if the realvalued series

Élan1171 converges

Thin2.5 Given E Ant define

R luieselplann Eco NJ

then lis If KKR Éant converges absolutely

Gi If 121 R EIanz diverges

Remarks no conclusion on LIZER

R is called the radiusofconvergence

117kR the disc of convergence

Thm26

fiz Éanz holomorphic on the discof convergence
provided R o

and

ftz E nanz withthesame radiusofconvergence



Cor27 Éant infinitelyIpx differentiable higherderivatives canbe

calculated by tennwse differentiation inits discofconvergence

Def firmest is apx analytic at zoer
if I E au z zoo with positive radiusofconvergence

suchthat
yes É an ez zen in anbd of 0

Clearly byThu2.6 ex analytic holomorphic

53 Integration along curves Self reading

I fadz
Useful notation dz dx tidy

de dx idy

Then Sgtdz f cutin dxtidy

Syludx udy ti Sjudxtudy



If du ti do

fx dx tf ydy

BEdz tf dE

f holo If f'd z



Ch Cauchy'sTheorem Its applications

I Goursat's Theorem

Tha lil Cor1.2

If r open in E
notethedifferent interminology

f holomorphic on R in thetextbook
I

r boundary of a triangle T or rectangle R

sit rut a r u R CR

then f f a dz 0

Remark The mainpoint in Goursat'sThm is that there is

noneed to assume f is contains Cauchy's first
observation used Green'sThm whichneed to assume

Ux Uy Ux by are continuous



2 Local existenceof primitive Cauchy'sTheorem in a disc

and AppendixB SimplyConnectivity andJordanCarveThenear

Notation For a simple closed piecewise smooth curve r

int 8 bounded componentof Air

ie the interior of the Jordan curve of 8

not the interior of r as a topologicalpointset

Thm29 onpage361 ofthetextbook

If f R is holo r open

e r simple closed piecewise smooth curve sit

r u int Dc r

Then
fr f dz 0

3 Evaluation of some integrals selfreading



54 Cauchy's IntegralFormula

Thm4,1 or4.2

If f is holo on d open

c positiveoriented simpleclosed piecewisesmooth

curve sit

C unit C ar

then H z t int C h 0,1 3

Ils É Sc Eyed's

Consequences Cor4.3 Cauchy inequalities

Than4.4 Holomorphic analytic Taylorsformula

Cor4.5 Liouville's Theorem

Cor4.6 FundamentalTheoremof Algebra

Cor4.7 Factorization of Polynomial

Than4.8

core Uniqueness of holomorphicfunction

Self reading



55 Furtherapplications

5.1 Morera'sThm converseof Cauchy'sThm

Thu51 f cts on R
1

notethediff interminology
in thetextbook

So f o f triangle T with TU2T Cr

then f is holomorphic on R

5.2 Sequenceof HolomorphicFunctions

Thm5.2 Thm5.3

If In holo on f

fu f uniformly oncptsubsets

Then f holo on r and

fi f uniformly on opt subsets



5.3 Holomorphic functions defined in terms of integrals

Thm5.4 r openin Q

e FA s Rx La b K

Suppose I Fa each SE ta bl FA s isholo in Z
2 F E C Rx Tab

Then

f Z Sba F Z Sds

is a holomorphic function on r

Theproofis notcovered in MATH2230

Pf It is clear that one may assume La b to I

Since I may be unbounded we works on an

arbitrary disc DC DC r

For nel consider Riemann sum

fritz In É F Z E
Then a In k is holo that



By 2 F ECW x6,13

Fez s is uniformly continuous on DXTo I

VE o I 8 0 Sit HZED

I FC2si FA Sa E H Is salad

suice distfzSD 5 IS Sako

III Fit Si FA Sake It Is salad

Therefore if n to then FEED CD

Ifutz fiz tÉ FG E SoFiz s ds

É SEI FA ds S FezDds

I É Set FBI FasDds

Ii SEE IFBk Fizolds

s E E.SE ds E

i f is the uniform limit of fu on D

ByThm5.225.3 f is holomorphic on D

Since D CDC r is arbitrary f is holomorphic on r H


