1. COVARIANT DERIVATIVES (FOR YOUR REFERENCE)

Let V be a vector field on a regular surface M. Let p € M and
v € T,(M). Consider the curve o with a(0) = p, &/(0) = v, then the
covariant derivative of V in the direction v is defined as

(1) v,V = (CZV)T

where W7 denotes the tangential part of W.
V.,V in local coordinates: Let X (uy,uz) be local parametrization.
Then

V = b,X;

where b; are functions of (u1,us). Suppose v = v;X; and along «(t),
by = bi(ui(t), ua(t)) =: bi(t), then

N = (0 (1), w0) X 1) ()
=0; (1) X (ua (1), uz(t)) + (t)%X@( 1(t), ua(t))
=0 (1) X (ua (1), uz(t)) + b (t)u; ()X

Hence (as o/(0) = u,X; = v;X;, so that u(0) = v;):
V.,V =5(0)X;(p) + bi(0)u; (0)5 () X (p)
(2) =0 (0)Xk(p) + bi(0)o, T () X (p)
= (b, + Tf;bv;) Xy

So V, V depends only on v and the value of V along the curve a.

2. COVARIANT DERIVATIVES AND GAUSSIAN CURVATURE (FOR
YOUR REFERENCE)

In particular, if V = X, and v = Xj;, then
(3) Vx, X; =T} X.
So
Vx, (Vx,X1) =Vx, (T5,Xy)
:Fgl,lxk + Fglrllle'

Similarly,

Vx, (Vx,X1) = I} X + T Ty X
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<<VX1VX2 - VXZVXI) Xla X2> - (F§1,1 - Flf1,2) Ik2 + (Fglrllk - Flflrl%) g2
=9k2 (Fgl,l - Flfl,Q + Flzlrlfl - Flllrgl)
=g12 (T3, — Tl + YT — T4 0y)
+ 922 (T, —T5 5 + T, TF, — T4, T3)
Similarly
(Vx,Vx, — Vx,Vx,) X2, X1) =01 (F%zz - F%Q,l + T3, — FZQQF%l)
+ 91 (F%zz - F%Q,l + T,y — D)
Now
2K =g" (nyk - ka,j + karé'i - Ffjﬂci)
=g"! (Flﬁ,k - F’fk,l + T — Fﬁﬂd)

g" (Plﬁ,k - P’fk,1 + karlu - Fﬁﬂd) =g"! (1?1,2 - F?m + F12211111 - F121Fl21)

:(det(g»ilgm (F?Lz - F%Z,l + FlZQPln - F%lrlm)
g% (ngk - ngg + karlm - FEFZQ) =g (Fém - F%m + Fzl1rl22 - F}erm)

:(det(g))_lgn (F%Q,l - F51,2 + 11111Fl22 - Fl1211112)
g (F]fz,k - F]fk,z +Tj5Th — FfQFi:l) =g" (F%Zl - F%1,2 + T, — Fll2ﬂ.t1)

=- (det(g))_1g12 (F%Q,l - Fh,Q + F511Fl21 - Fl12rl11)
g% (Fgl,k - ng,l + karllz - Fﬁrfw) =g*! (Fgm - F%Q,l + P122F112 - F121Fl22)

= — (det(g)) 'gn (Fgm - F32,1 + 5T, — F121F122) .
Hence

(4)
—2K = (det(g9)) " [{(Vx,Vx, — Vx,Vx,) X1, Xs) + ((Vx,Vx, — Vx, Vx,) X2, X1)].

Now if V, W are two vector fields on M, then

0 0 0
=(Vx,V,W) + (V,Vx, W).
Hence
62
8u18u2 <X1’ X2>
0

== (V% X1, Xo) + (X5, Vx, X))
Uy

=(Vx, Vx, X1, X3) + (Vx, X1, Vx, Xs) + (Vx, X1, Vx, Vx,) + (X1, Vx, Vx, X2)
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=(Vx,Vx, X1, X)) + (Vx, X1, Vx,Xs) + (Vx, X1, Vx, Vx,) + (X1, Vx, Vx, X2)

Subtract the two equalities:

0={((Vx,Vx, — Vx,Vx,) X1, X5) — {((Vx,Vx, — Vx,Vx,) X2, Xy)

Conclusion:

(5) K = —(det(9)) " {((Vx,Vx, — Vx,Vx,) X1, Xa).

(X1, Xz)



