
13/10/22 MATH4030 tutorial

Reminders :

- Midterm next Tuesday 18thout . Midterm will cover everything upto
and including assignments .
- Assignment 3due 11:59pm 21

" Oct .

Outline fortoday's tutorial :
1) Gaussmap

and relation to Gaussian curvature .

2) Conceptreview for upcoming midterm .

• concept review
- regular curves , Freud frame and French formulas , Fundamentalthing cures .

-types of curves : cylindrical helix
- regular surfaces :

-definition , important examples liberally graphs, inverse images of
regular values, . . .)
- fiwt fundamental form, lengths and areas .

- shape operator, second flaunted form Gauss armature,
mean aventure,
principal unutulls



Gauss Map :

Last time
,
saw that anorientation of a regular surface M is a unit normal

vector fieldN , that is ,
• N changes smoothly withp
• N 1-7pm at each p
•N has unit length.
• More concretely, if ✗few) isa parametrization the*

→M
,
then

Nombre quoi by v1 .

Since N has wit length foreach p , can actually view Nas a
map M→ 5 thewit sphere , called the Gauss map

.

pr> Nlp) .

actually,we can also identify with the map
N : Uepi →5 by NGN)

= NK4N))
.

By the definition of theshape operators from lasttime , wehere
S = - IN



The Gauss image isthe image AC52 ofM under the Gaussmap .
e.g. thatis the Gauss imageof the plane?
that is the Gauss image of the circular cylinder?

The area ofthe Gauss image is related b-the Gaussiancurvature and
is given by

ffkd-k.tk
This willshow up

later in the Guns- Bonnet theorem .



Concept review for upcoming midterm
:

D: Regular Curves

Definition ofa regular curve
: × : ICRI→ ☒ isa smooth urine in IR3

if ✗ is smooth . ✗ is regular if ✗ED 1=0 for all t.CI .

Formulaforarc-lengthofth) from to b- -4 mi 2 :

stl-f%EDldt.to
when wereparameterize ✗ by arc-lengths , ✗G) has the
property that I✗

'

G) 1=1 .

Freaet Frame : for a parametrized by arerleugths ,
Tangent vector T is grim by 8D = ✗

'

G)
Curvature K6J is quien by Bts) = IT'6) I ¥↑Normal vector N is quien by NG)= a%)

is .

.

So ✗
"

G) = 136) Nfs) .

Binomial vector B is grain by Bts) - Tls) ✗ N6)
Torsion Ils) is given by Bts) = -76)Nfs) .

← sign onuention!
Then the Freenet formulas are quien by
T
'
G) = KIDNG)

Nts) = - IsG)TGJ c-Tls)Bts) ← this onehere to calculate .

(5) = -763 BED .



For straight lines, K1S) = 0
For plane curves, IIs) = 0 .

In general parameter-4
↳ = I;;;÷
⇐ a

;::::÷
Fundamental Them of curves states that i Given RID>0 ,Tls)
smooth functions on (a)b), then there exists a regular tune × :(a,b)→R13
with K ' KI such that the curvature and torsion of & are gmai by
K
, I respectively . Moreover ✗ is unique up☆ a rigid motion translation
and rotation) .

Examples of regular curves :
1) Cylindrical helix :

✗f)= (aus£ , asin£, bE) ,
= a4b!



☒ : Regular Surfaces
Definition of regular surface : MCRP is a regular surface if for
any peM , there is an open abled U of prim,

an open setDepth
and a parametrization ×:D → KAM s.tv µ¥☒M1) ✗ is smooth .

R12

2) DX is full rank ⇔ Xu
,
Xv are linearly independent

3) ✗ is a homeomorphism fromDA MAU
lie . ✗ is bijeoh.ee and both , X" are continuous) .

Examplesof regular surfaces :

1) Sphere : 5 = { lay>⇒ c-RP : K45-1EH}
Parametrizationof northern hemisphere : XLuv) = In, v, FÉ) .

Spherical coordinates ✗(a)4) = knit issue, sinking cost)
stereographic psjectim . . .

2) Graphs of smooth fuuohoini f :D CR12-3IR smooth ,
D open,

then graphf : = {lay . f(×,y))} is a regular surface
.

3) Traverse image of regular values : f :
→☒ .

ae RI is called

a regular value off if for PERP sit. ftp.a , If lp) 1=0 .

Then theset f- '(a) := { PERP : f(p)=a} is a regular surface .

4) Surfaces of revolution : ✗(a) bea regular asne mi they-2- plane option
by Ku)=p, ylulitu) , then the surface gmai by revolving the



anne around the Z-axis is grim by
✗ In ,v) 2 (µu) ossv , ylu)smY, 2-In))

Endsthis for other axes aswell .
4a) Torus : rotating aide ly

-at -12-2 =v2 about z-axis, obtain

✗(UN) = (Crossuta) usv, (rebuta)sñnv, rain)

4b) Codeword : rotate yeah×

✗(UN) = (ash(a) bsv , cosh (a) sin v, v)

• • • and Mole

Tangent space : Foreach PEM , p- ✗Luis) , the tangent space
at
p . Tpm = span {XnluoNo) , Xv (no,v.)}

.

why is dimTpM -2 ? Because Xu , Hv are linearly independentbyebe regularity condition .

M

¥"
Given Xu

, Xv ,
the unit normal vector N normal*TpM is

quien by N = Xu✗X✓_
the ✗✗v1 .



Definition ofthe fit fundamental form:g : gp: TpM×TpM→ ☒ by
gp(v ,w) = < v ,us where < , > is the standard

inner product .

The coefficients ofthe fit fundamental form are :
E- <✗u , Xu>

F = <tu , Xu >

Gi <Xv
,
✗v7 .

Can use fit fundamental fount calculate :

1) length of a curve ✗ fromtot -4
: ✗tkMutant))

IK1-1IL 'tak - HEINIE)? 2FHIE-fe-iGKHEB.itto
to

2) area of a closed, bonded region Rivet
'

(R)

ALRI-ffjxuxxvldudv-%Ea.EDU
Definition of the shape operator spine . Natp :

VETPM it . ✗G)=p , ✗
'

G)=v , ✗ regular curve, then

split =
- INKED /e. ◦

.

- -INp .

as a map from TpM→TpM ,
it is

• linear
• self-adroit



Span) =-Nu

Sp(✗v)-Nv

Definition ofthe second fundamental formI : 7pm ✗Tpm→ R1

1IG,
w) - < Split , w>

It isa symmetric and bilinear form onTpm .

The coefficients of7- are
E- Ip(XuHu) ≈ <span) , Xu> = - <Nu , Xu) = < N , Xun> iʰt¥¥""¥
f = IfXu , Xv)= <Spud . XP = -<Nu, Xp = <N, Xuv>=%É¥
9-- Iptv , ↓)--< SpUH , Xp = - <Nv ,xp = <N ,Xwtᵈff¥I
Definition of Gauss curvature and Mean curvature :

Hp) = determinant of Sp matrix = £{÷£
Hlp) = Itraceof Sp matrix = {eG£zftf→


