
 

Eg let I d be a metricspace ACE A 0

Deface dex A I IR by

dix A yÉAdex y

distancefrom X tothe subset A

Claim I do H dy A Is dexy Kx yet

Pfofclaim Forfixed bye I

By defu of dly A

HE O I ZEA sit day A E dizy

Hence dex A e dz X

s day day z triangleneg

day day A E

dex A dayA dexyite

Interchanging the roles of X y we have

day A dyA a day ite doxy ite

Therefore Ida A dyA I day te

Since Ezo isarbitrary Ida A dyA Is dexys



Note By claim dan x 70 dix A dix As

i dex A I d IR is cts as a function of x

In fact d4 A is Lipschitz continuous

This example shows that there are many ctsfunctions on a

metric space

Notation Usually we use thefollowing notations

fu subsets A B C I

1
dex A if days yea

I defB if day x EA yEB



2.3 Open and Closed Sets

Def let I d metrospace

A set Gc I is called an openset if
U x EG I ESO Sit Be x Ly dy X ES C G

Thenumber E 0 may vary depending on X

We also define the emptyset 0 to be an openset

j
É

Bea

Prop2.4 let I d be a metricspace Wehave

a I and 0 are opensets

b Arbitrary union of opensets is open if Ga at A

is a collectionofopensets then YeaGa is an openset

C Finite intersectionofopensets isopen if Gg Gn are opensets

then I Gj is an open set



Pf a Clear

b let xeYeaGa

X EG fusome d EA

IE 0 sit Bex Ga SinceGa open

Bex CLeaGa

C Let XE I Gj XEGj Kj L N

I Ej 0 sit Be lx Gj Hj N

let E min El En's 0 Then

BeIX C Beja CGj Hj IN

Be x ÉGj

Def let I d be a metricspace

A set FCA is called a closedset if the

complement IIF is an openset



Prop2.5 let I d be a metricspace Wehave

a I and 0 are closedsets

b Arbitrary intersectionofclosedsets isclosed if Fa at A

is a collectionofclosedsets then ahFa is a closedset

C Finite union of closedsets is closed if Fy Fn are dosedsets

then Fs is a closed set

Note Prop2,4 2.5 I 0 are both open closed

eg210 1 Everymetricball

Brix dyet dixy r r o

is an open set

Pf t y EBr x
digity

Bely

Then E It r doxy o

IV ZE Bely

de x E da y it day X s e t dly x r

Bey Brix



2 The set E Ly EA day x r fu a fixed XE Z

is open and hence

IIE 3y EI day x Er is closed

Pf t yet days r

Then EEtdex y r o

t ZEBely

diz x 2 day day dex y day r r

Bely C E A

Note Weusually write

BT X Bret ly EI dly XK r

the closedball of radius r centered at x

Confusing notationhere maynotequal to the closure of

Brix in a general metricspace



3 Since Brix E 3yet dexys r are open

Brix UE is open

Il Brix u E YEA day r is closed

In particular E dye I dexys o is open take r o

3 3 IIE is closed in anymetricspace

Note x may not be open unless I 870 Sit Bek 3x's

gall Biaix n 1,3 are opensets

claim I Bix 3 3 closed maynot beopen

thisshows countableinfinite intersection of opensets may not be open

Pfofclaim t yen Banks yeBiaix An 13

day x at ta

day x 0

y X X



19213 I CIAb with do55,93 115 glia IyfHglad
let

E If e Clab fix O TX Eta b S CA

A FEE f is positive cts on the closed bounded

interval 595 therefore I m o sit

f X Z M T O AXEL a b

Consider

Binet Igecab dog f SE

Then
t geBEA we have H XEIab

g x gas fix fix

2 fix Ng f as

fix E e m Mz Mz O

t

EE



GEE I have BEEF CE

a E is open in Cabs do

as tf EE I BET f C E

Similarly one can show that HEIR

f ECE b fix d f x tta b

f e Cta b fix Sd tx ETAT

are open in Cegb dos

And If E Lab fix za K XELab

te Cta b fixed AXE Labs

are closed in cab dis Ex

Caution Ciab life Lab fix za 4 62963

I Ife Ceab fix L K XEEasb



eg 14 let I 0 and d discretemetric on I

Then t subset ECI

BEN IS C E F X EE

E is open

Therefore any subset E of I disnote is open

hence any subset E of I discrete is closed

Together any subset E of I discrete is

both open and closed

In particular any 2 3 C discrete is

both open and closed

Prop2.6 Let I d be a metrospace

A sequence in converges to x if andonly if

t openset G containing x I no such that

Xn E G A R2 no



Pf Let G open XEG

IE 0 Sit BEX CG

As Xn X father's E o I no sit

dan X E A n z no

Xn E BED CG the no

F HE 0 Bex is an open set containing x

Therefor I no sit Xu E Ba A nano

dexn Dae then xx

Prop 7 Let I d be a metricspace
Then a set ACI is closed

if andonly if
whenever Xu CA and Xu x as no

unplies that XEA

Pf E Supposenot Then X A



ie X E IIA which is open as Aclosed

IE O BE CAA

Ontheother hand Xu X

Ino st dance fnano

Xn EBay CI A by above

xn A contradiction

e Supposenot Then A is notclosed

AIA is not open

XENA St Bex 411A HE O

In particular Btwn A 0 tn by

Pick Xu c BIG NA for each n

Then Has CA deux at ta

xn x as no

Contradicting the assumption as XEAIA



Prop2.8 Let f I d Y 9 be a mapping between

metric spaces

a f is continuousat x
Y open set G int containing fix

f G contains Belo fu some E O

b f is containous in I
F openset G inY f CG is ope in A

Rf a Suppose not

then I open set G in'T containing fix

St ICG doesn't containing Bald HE 0

ie Bead ATI f G 0 He o

In particular BECALI ICG 0 tr

Pick Xue Byun AFG An

Then
Xn E Bas xu x as no

I
Xn e fG fan G tn



ByProp 6 fix fix Contradicting the

assumption that f 5 cts at x

HE o Belfex C Y is an open set containing

fix By assumption

f Baffin Box forsome do
i e fly e Belfast t ye Box

d fig fix s E f day x so

i fact at x

b follows from a Ex

Note We alsohave

f is cts in a
A closed set FCF FCF is closed in I

Pf Ex



Eg islet ACI A 0

Since f x dex A is its

Gr XEI dex A 85 5 B.ly inR

is open in E

Ii Claim If A to is closed

then A I Gia G HEI dix Act

Hence any closed set is a countable intersection

of opensets

It is clear that A CI Gh as ACGt tn

Let XE Gin then XE Gta An

dex A I An

I XnEA sit dex xn at tn

Hence Xn CA is a seq as A st xox

Since A is closed we have XE A Prop2.7

A Gh


