
 

2.2 Limits Continuity

Def A sequence Xu's in a metric space I d is said to

be converge to X E I if

gig d xn x 0

Inthiscase wewrite thata x a Xu x in Z

Ep Uniquenessof limit

If Xu X Xn y in a metricspace then Ky

Pf same as in IR by using MI

egs i convergence in R dz is the usual convergence in AdrCalculus

His Convergence in Cegb do is the uniformconvergenceof
a seqof functions in Ca b Ex



Def let d and p be z metrics defused on I

4 We call g is stronger than d or d is weakerthan g
if I C 0 Sit

day s c guy X

2 They are equivalent if p is stronger and weaker than d

ie I Ci Cz 0 Sat

dix g E Ci fay s Czday t x y EI

or a day epoxy s Cz days

Prop 4 It p isstrongerthan d then

Hu's converges in CI p wiplies

In converges in I d andhave thesame limit

ie pix y o day so

e If p is equivalent to d then Xu's converges in

Ip if andonly if Hu's converges at I d

ie pix y 0 day so

3 equivalent ofmetrics definedabove is an equivalentrelation

Pf Easy ex



eg on IR I dixie E
Ni Yi l

I
d x y E Ni yip

dos x y may IXi Yi

check I daxy s A desky E a day
Ex

dis d exy i s n da x y e n dix y

Therefore di da dis are equivalent metrics on IR

Note the constants depend on the dimension n

of I Cab
y
dit 9 S If 91 infinite dim'd

duct g Egg If 91

Then clearly

diff g s b a ductg V f g e ca b

i dis is stronger than di

However it is impossible to find C 0 sit

daff g E C dit g H f g e cab

i d do are not equivalent



Pf Define f on Ia b To I

fax Nth XEto he

0 X EG I

n

fa

O f s

Then d Ifn o SdIfn In 0 as new

doctor o
MoggItaly n a as no

Suppose I C 0 sit doltg E C dit g Vfgecto I

Then

he daffn O SC dicta D E th

which is a contradiction by letting no

I d isnot stronger than do

Therefore di dis are not equivalent X



Def let f Id Yp be amapping between two metricspaces

and X E I We call

f is continuousat X if

f Xu s f x in F p whenever Xn x in I d

It is continuous on a set ECI if
it is continuous at every point of E

Prop2.2 let f I d Y g be a mapping between 2metric

spaces and Xo EI Then

f is continuous at Xo

L
t E 0 I 870 such that

p fix fix o s e f x with dexXo 8

Pf Ex



Prop23 let f Id F p and

g LFg Z M

are mappings between metric spaces

a If f is continuous at X g is containas at fix

then gof I d Z m is continuous at X

b If f is cts in I and g is cts in Y then

got is its in 1

Pf Easy

Eg let I d be a metricspace ACE A 0

Refute 9A I IR by

fax guffdly x

distancefrom X tothe subset A

Claim I 9 1 1 paly I E dix y Kx y EI


