
 

1.3 Convergence of Fourier Series

Terminology Fa f r ao t É Canceraxtbusianx

we denote Snf x got E fakeskxtbksinkx
the n th partial sum of the Fourier series of f

Def let f be a function on Tab Then f is called
Lipschitz continuous at Xo Eta b if I L 0 8 0

suchthat

I f x f Xo E L IX Xol H IX Xo I s o xGtab

y LXXo fix I

y LX Xo t fix

xo
É

Notes 4 Both L 8 may depend on Xo
2 If f is Lipschitzcontinuous at xo Eta b e

f is bounded oncab
then I L o L maydepends on Xo sit

If X fXo E L lx yal H XEta b

Pf Bydefa f Lipcts at xo
I L o d 0 sit

Ifix f Xo Is LIX XoI H IX XoI d



If IX Xolzo then z

fix fixo I Ife It flxo 2M where

M sup ft
E 211g X Xo Tabs

Hence Hex fixes e f
LIX Xol IX Yoko

Ix Xo Ix Xo so

Hex f xo E L lx Xo DXGlab

where L max IL 2
0

eg fec tabs continuously differentiable anta b

f is Lip cts at every XoEta b

On the otherhand fix X1 is hip cts at x o

but not differentiable Ex

eg Lewontin Thisgraphgives a ctsfunction at Xo

IIqtyg.it
but not lip cts at xoth P
Explicit example fix txt with Oda
is not hipcts at X o

Thm1.5 let f be a zaperiodicfunctionintegrableon ET I
Suppose that f is Lipschitz continuous at x
Then Snf xp converges to fix as new

Pf later at theendofthis section



egof application
Recall fix X METI T

i t e
I t y find itI

3711 T Til 137
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Fourier series X n 25g ty stunt

It isclear that fix is lip cts at any XEETT

gig tY suinx x Axe EDT

Ontheotherhand I is discontinuous at IT

and we've seen that legal
I TD 2ÉEmsuinx

Jumpdiscontinuity fix LexXo fix.tl

fail thexox feat

I fix LIXXo that

fail LIX x I



That6 let the azt periodicfunctionintegrable on ETF

Suppose that fa Xo EET T
I text lying fix righthand bit

bothexist

Xo Ex fix left hand limit
di I L 0 and 8 0 such that

I fix fat If LIX Xo OSX Xo d

I fix f Xo E Lao x Oxo xd
Then

Snf x fix'ottfixo as n to
2

Pf Omitted

egof application fix X METI T

i rI I find
it

I
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At Xo TI STIX is discontinuous

I ICH HEFIX T
It

ICH EE STO TI

Ci Fa Osx Xo I lie OH TLE 8
Wehave Fx Fat Fix2T T y't

X TTT X TIE LIFT

Similarly fa O xox E



Hence conditionsof Thailb are satisfied
Fourierseries Snf T fat It It o

Nextweturn to uniform convergence andneed

Def A function f defined on Ia b is called to satisfy a
Lipschitzcondition if I L 0 suchthat

If x fly E L lx y I H XYEta b

Notes I L 0 is independent of xy etab
a kindof uniform Lip condition

e f satisfies a lip condition f is lip cts at
everypointonTaib

eg If fe C tab fix fly I SY fadt
Mly Xt t xy Etab

where M staff 151

Ontheotherhand f x 1 1 satisfies a lip condition butnot c

Thm lit let f be a zitperiodicfunction satisfying a Lipschitz
condition Then its Fourierseries converges uniformly
to f itself

Pf Omitted



egof application fax X an ETTJ

Iz satisfies a Lip condition Check Ex

I 4 cone converges uniformly to

fix X m ET TJ

Ex Put 0 and get Et


