
Recall Taylor's Theorem

LetI: ta, 61 andfilm be an function

with ff",
...,

finth exists. Then for any

40, XI, there exists a between to andx

sit.

f(x) =f(x) +f(x))(x - x0) +f(x - 40)"...
2!

+ ()x.>(x- x0)" +ntpcxx - x.cee
&

Rank:Taylor's Theorem can
be viewed as

a generalization ofMVT.

Precisely, MUTisTaylor's Theorem

with n
=

0.

↑



1. Approximate the number a with error less than to

17:Letfixie*, x =0.x =1
I

Note that f(x) =e*for any ne.

By Taylor's Theorem, for anynew, there
exists C ((0, 1) St.

e =f(x) =f(xx +f(x0)(X- x0) +... usx(x- xosncopx-x"
=1 +1 ... +h+

Since OSCI, then Keice'3.
Take n =4, then oc =t< t

-

e=1 + 1 +1 +5 +t =2+1 +5 ++
=

with error less than %



2 Recall exsixfor any
X >0

&

n

Ingeneral, e*1x+t... for any xx0.

17:Letf(x) =eandx
=

0.

By Taylor's Theorem, for any X > ·
&

there exists some a flo,x) s.t.

eX =f(x) =f(x) +f(x) (X- x0) (3x0)(x- x)... +nx0(x-xnpxx-x*
=

1 +x
+1... + +ex

n+1

(n+1))

>1x
+12 *
21t... t



3. CoX>1-1" for xtR

Of:Letf(x) =(02X, 4x
=0, n =2

Note that flix)=-imx

f"(x) = - 203X

f(x) =smx

By Taylor's Theorem, for any XCIR,

there exists a between x andsit.

(03X =f(x) =f(x0) +f'(40)(x- x0) +1)x0)(x- x0)
+E34(x- x03

=

1 +0 -x +scy3

· If 0.x [T, 01CIT.

Then simc 30 and x3>0.
2

Thus 'x">0. and Cosx>1

· If
-π1X-0, -T1610.

Then sinc to and so
&

Thus sx">0 andcosx, 12
2



·If (x) > is, then

1 - x- <1 - p<1 - 2
=

=

-3c cox.

- A

2k

4.x - 1+... - E - h(x+1) < X- +... - " + x*2k

for any x>0.

Pf:Letf(x) =dnx +1) and xo
=0

Then f(x) =+1
fix) = - xt,
f"'(x) =1

Claim:f()(x) =H1jtln for any new.

ofby induction:suppose itholds for m

f(
+

1(x)
=(f(m),x)) =2- 15

-

sun-1!(m)"
=(/sm

+

(m -11!
=(13mmmz



Thus Inc =theend and nx0 =7/)
n- 1

->

1

· Take n =ck. By Taylor's Theorem, for any xxo,

there exists (((0, x) s.t.

(n(x+1) =f(x) =f(x) +f(x- (x - X0) +1(x) (X- X0) z
2!
2k+... +clb),(X- xo tiscs(x-x.*

2k 2kt)
=

0
+x - 1+... - Ep + TH,"*

>x - 1+... -- -...
· Take n= 2k+1. By Taylor's Theorem, for any Xxo,

there exists (20, N) s.t.

lucx+1) =f(x) =fexosthi...*T
*

TNAe
(2k+1)!

2k+2
↓

--
=

0 +x - 1... - uckt
(2k+2sct)2k

+2

-x - z (
"
+EHTat+... - -

-


