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Q2
For any partition P of [0, 1], by density of Qc, inf{h(x) : x ∈ [xk−1, xk]} = 0 for any
k. Then L(h;P ) = 0 for any partition P . Therefore, L(h) = 0. By the density of Q,
sup{h(x) : x ∈ [xk−1, xk]} ≥ 1 for any k. Then U(h;P ) ≥ 1 for any partition P . Therefore,
U(h) ≥ 1. Since L(h;P ) ̸= U(h : P ), h is not Riemann integrable on [0, 1].

Q8
Suppose not, i.e., there exists some x ∈ [a, b] such that f(x) > 0. Since f is continuous at

x, there exists some δ > 0 such that (x − δ, x + δ) ⊂ [a, b] and |f(y) − f(x)| < f(x)
2

for any

y ∈ (x − δ, x + δ). Then f(y) > f(x)
2

for any y ∈ (x − δ, x + δ). Thus, f ≥ f(x)
2
χ(x−δ,x+δ),

which implies
∫ b

a
f ≥

∫ b

a
f(x)
2
χ(x−δ,x+δ) = δf(x) > 0. Contradiction!

Q12
Fix ϵ > 0. By Archimedean Property, there exists some n ∈ N such that 2

(2n−1/2)π
< ϵ. Let

f(x) = 1 for x ∈ [0, 1
(2n+1/2)π

] and f(x) = sin( 1
x
) for x ∈ [ 1

(2n+1/2)π
, 1]. Then f is continuous

on [0, 1] and f ≥ g. Similarly, let h(x) = −1 for x ∈ [0, 1
(2n−1/2)π

] and h(x) = sin( 1
x
) for

x ∈ [ 1
(2n−1/2)π

, 1]. Then h is continuous on [0, 1] and g ≥ h. Since f, h are continuous on [0, 1],

they are Riemann integrable on [0, 1]. Moreover, h ≤ g ≤ f and
∫ 1

0
(f − h) ≤ 2

(2n−1/2)π
< ϵ.

By Squeeze Theorem, g is Riemann integrable on [0, 1].


