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Q5
Let f(x) := x1/n − (x − 1)1/n. Then f ′(x) = 1

n
(x1/n−1 − (x − 1)1/n−1). Since n ≥ 2,

then 1
n
− 1 < 0. For any x > 1, x > x − 1 > 0. Thus x1/n−1 < (x − 1)1/n−1, i.e.,

f ′(x) < 0. Therefore, f is decreasing for x ≥ 1. Since a > b > 0, then a
b
> 1. Hence,

a
b
1/n − (a

b
− 1)1/n = f(a

b
) < f(1) = 1, i.e., a1/n − b1/n < (a− b)1/n.

Q7
Let f(x) := lnx. Then f ′(x) = 1

x
. By Mean Value Theorem, for any x > 1, there exists

some c ∈ (1, x) such that lnx = lnx − ln 1 = f(x) − f(1) = f ′(c)(x − 1) = 1
c
(x − 1). Since

1 < c < x, then x−1
x

< 1
c
(x− 1) < x− 1. Hence, x−1

x
< lnx < x− 1 for any x > 1.

Q8
Fix ϵ > 0. Since limx→a f

′(x) = A, there exists some δ > 0 such that |f ′(y)−A| < ϵ for any
y ∈ I satisfying a < y < a + δ. For any x ∈ I satisfying a < x < a + δ, by Mean Value
Theorem, there exists some c ∈ (a, x) such that f(x)−f(a)

x−a
= f ′(c). Since a < c < x < a + δ,

|f ′(c)− A| < ϵ. Therefore, |f(x)−f(a)
x−a

− A| < ϵ. Hence, f ′(a) = A.


