
 

9.4 Seriesof Functions

Def9

If fu is a seqof functions defined on D E IR with R value

then the sequenceof partial sums su of the

infinity series of functions Ifn is defined by

Snlx E fix V XE D

If Sa converges to a function f on D then

we say that the infiniteseriesof functions
Ifn converges to f on D

usually write fix É fuk f É fu af Ifn
If I 1fast converges the D then we say that

Ifn is absolutely convergent onD

If Sn f unitarily on D then we say that

Ifn is uniformly convergent onD or

Ifa converges to f uniformly on D

Using Sn If Ifn conveys to funifawly Thm8.2.2 Thu8.2.3

Thin8.2.4 imply the following theorems immediately



Them9.4.2 If
y
fu contains an D the IN

Ifn converges to f unifanly on D
Then f is continuous on D

Pf Applying Them8.2.2 to Su f

Thm9.4.3 If
g
fa ERtab the IN Ca bar

Ifa converges to f uniformly onTaib

Then feria b and Sab f É Sifu
SEEfu É Sab ta

Pf Applying Them8.2.4 to Su 35

Thm9.4.4 If fu tab IR neIN asb EIR

fu exists on tab thEIN

I
I XoETab St I facto converges

Ifn converges uniformly on Taib

Then If a b IR such that

Ifn converges to f uniformly onTaib
I
f exists and f Fifi

Pf Applying Them8.2.3 to Su with si converges unifauly etc



Testsfor Uniform Convergence

Than9.4.5 Cauchy Criteria

Ifn is uniformly convergent on D

HE 0 I k e E IN suchthat

if m NIKE then futile tant fuk E KXED

Pf Applying CauchyCriterion fuUniformConvergence Thru8.1110

to Sn and observing that

Smk Sn x fateX t c fax

Than9.4.6 WeierstrassM Test

If Ifuk EMn AXED then

I Mn is convergent

then I fu is uniformly convergent on D

Pf I Mn convergent Mn O

HE O I Kee EIN such that

if M n z ke then Mn ti c Mm E Thu3.7.4

Hence IfryG t tfmix eMatt tint Mme

CauchyCriterion Thu9.4.51 Efa converges uniformly onD



Power Series

Def9.4.7 If fu x an lx C an C E IR An 0,13

then I fax I anex C

is called a powerseries around x c

Remarks Powerseries usually starts with no Gileadof n 1

Eaux Ao ta Xt azx t

Eaux may not defused over all of IR

i IE n X converges only fu x 0 Ex

lil x converges fu Nk 1 geometricseries

Hi E X converges t x EIR exponentialfunction

Hence there is a need to determine

the set onwhich Eaux converges

In the following we consider the case that c o

This is no loss of generality as the translation y x c

redues Zan x c to zany



Recall Def3.4.10 Thm3.4.11

Fa Xu a bounded seq limit superior of Xu

lui supxu Etinfluek Ucxn forfinitelymany n

int WEIR Xu su fu sufficientlylarge n

And Is If u luisupXn then

Xue n fa sufficiently large n

ie I KID E IN Sit if n3KID then XuED

dis If We binsupxn then I infinitely many new

sit W E Xn

Def9.4.8 Let Eaux be a power series and

I
g g

luisup Hulk if
Hutt is a bold seq

to otherwise

Then the radius of convergence of Eaux is definedby

R t
O if p to

supcaul's
otherwise

including Recs
whentusseplaut o

The interval of convergence is the open interval ER R



Thnx9.4.9 Cauchy HadamardTheorem

If R is the radiusof convergence of Eaux then

Eaux y
absolutely convergent if KKR

divergent if XI R

Remark No conclusion for IXER
i EX pluisuplautt luisup t I

R4 1

X 1 Ex It it is divergent

x 1 Ex 1 1 1 1 in is divergent

lil Etxn p luisupfault heisup 1 Ex

R 4 1

x 1 I x It It is divergent

X 1 E taxa I It is convergent

III I x p luisupfault heisup 5 1 Ex

R 4 1

x 1 I fix It Ist is convergent

X 1 Eth I tatty is convergent



Pfof Cauchy HadamardThm

R O and R to leave as exercises

Assume Oc Raw

Clearly Eaux converges fax o

Consider O KKR

then I occal such that IX KC R EG
Therefue pix luisupfault al s c

IKE IN such that

if nek then lantixis c

Laux E C Anak

Since occal I C is convergent

By ComparisonTest Thu3.7.7 Elaux I is convergent

it Eaux is absolutely convergent

This proves the 1st part

If 1 1 R f then felinsuplantt

fault fa infinitelymany new

ie I aux I fa infinitely many ne IN

and hence aux O Eaux is divergent



Remarks 1 If lui 1941exists then radiusofconveyance lui Gail

Notes it is the reciprocal of inratio test Ex9.4.57

It is is included

when exists it is usuallyeasiertocalculate

a EX an 1 f n I9h I 1 1 as his

R I

Ibl It x an th th I9m I I 1 as his

R I

14 It x an ta th 19h hi 1 1 as no

R 1

Ii If one can choose Occ at independentof XECRR

then one get uniform convergence Ex

Thm9.4.10 let R radiusof convergenceof Eaux

Tab CER R be a closedand bounded interval

Then Eaux converges uniformly on Tab



Remark R to included andhencewe need the assumption that

Ta b is bounded

l R o is excluded as C0,07 0
althought Eaux converges fax 0

Pfof Thm9.4.10 Since Tab CER R I occal suchthat

CRe a and be CR Note c dependsonly on a b

Therefue f Xt la b IXI CR

By argument in the proof of Cauchy HadamardThur we have

IKE IN Sit IAux I e ch u n z k
Ex we ocase sit

cRaa bcGR to
find a K indepofX

Since I C is convergent Weierstrass MTest Thu9.4.6

É aux and hence É aux converges uniformly on Tab

Them9.4.11

The limitof powerseries is continuous onthe intervalof
convergence

A powerseries canbe integrated termby term over

any closed and bounded interval contained in the

interval ofconvergence



Pf t XECR R choose a closed bounded interval Taib

Sit XE Ta b CER R Then on Lab

Ianxn converges uniformly Thu9.4.10

Then9.4.2 Eaux is continuous onTab andhence at x
4 1

Since XECRR is arbitrary Eaux is containas on C R R

Fa any
closedand bounded interval Tab CER R

Eaux converges uniformly on a b

and hence Thu9.4.3

Singaux Saban

Thm9.4.12 DifferentiationThm

A powerseries can be differentiated term by termwithin the

interval ofconvergence In fact if R radiusofconvergence ofEaux

and fax É Aux fu IXk R

then the radius of convergence of Ionaux R

and Fx É naux fu Nk r



Pf Sure n't 1 theseq knit anti It is bounded

theseq Hutt is bounded

unbounded case R 0 Radiusofconvergenceof Enanx o

boundedcase

Radiusofconvergenceof Inaux s hissuplentilAntil'M

hinsup naut binsup Atlanta

luisuplant suice ht e

R

Hence Radius ofconvergence of Inaux

Radius of convergence of Eaux

Note that Eaux converges fu x o

Now AXEER R choose O a R such that Ixka

Then E a a is closedandbonded

Ea AT CC R R and

O E FA a Sit Zanx converges at x 0

UsingThan9.4.10 Then8.2.3 and notethat

aux nauxn I



É naux l É faux convergesuniformly on Ea a

wehave Équx Éolaux É naux mega

and in particular fu X
Since X EFRR is arbitrary we have

Eaux É naux Axel R R

Remark I DifferentiationThan9.4.12 makes no conclusion fu HER

If I x converges fu IF I ER

but Efx zig xu lg converges at x I

diverges at x 1

di's Repeated application of Thu9.4.12

then
CE.quxnjh n.IE nyanx


