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go
a 1 Exa is absolutely convergent

act Exa is not absolutely convergent
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a Raabe'sTest faEnt
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clearly hey Hh I dal XP p Thm8.3.13
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By Cor9.2.5 to Raabe'sTest or justcall it Raabe'sTest

p 1 I hp is absolutely convergent

p s e E hp is not absolutely convergent

hence divergent as In 0 ta

However result fa p I cannot be deduced fromRaabe5Test
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i BothCor9.2.5 and Car9.2.2 cannot be applied
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Yt a t h t not Effein
Raabe'sTest Thu9.2.8 Exn is not absolutely convergent

Remarks I limiting form of Raabe'sTest Cor9.2.9 doesn'tapply

but Raabe's Test Thu9.2.8 applies

Gil IntegralTest a LimitcomparisonTest workfates
example



9.3 Tests for Nouabsolute Convergence

Def9.3.1 Into then

Then the sequence xn is saidtobe alternating

if ti x 0 a O then

in this case the series Xn is called an

alternating series

eg If Zn o then Xu fist ta and Xu c Stu are

alternating

expliciteg Zn ta o Xu f 1 a i t s it is alternating

Thm9.3.2 let Zu o and decreasing Zuleta then

Ly Zn 0

Then the alternatingseries IHS Zn is convergent

Pf Consider partial sum

San É 4 In Z Zit Zz 74 t Zan i Zan

Then Szent San Z anti Zentz 20 said Zn isdecreasing

Sau is increasing in n

Also Zi San
IIIs thins

t

Enfant tty



c Sen is bounded above by t

By Monotone ConvergenceThan Thm3.3.27 I SEIR sit

San S as new

Together with Zn o as no we have

HE O IKE IN Sit

if n 2k then go
San S l E and

I Oc Zante E
Then Santi S I IZant t San S

E Zant l t Isan Sl E

i Santi S as no

Combining with San S as n is we have

leis Sn S

I G Zn is convergent

egs By Thm9.3.1
n É l ft ft

is convergent

Note Iit Htt t t is divergentby integralTest

eg9.2.7 d



The Dirichlet and Abel Tests

Than9.3.3 Abel's lemma

let Xu yn be sequences in IR and

50 0

I Sn I Yu h 1,33

Then for men
EmmXkYn XmSm Xuti Sn En Xk Xk Sk

Pf Emm XkYk Elm Xk Sk Sk is

Xm Sm Sm 1 Xm Sm i Sm a t it Xnt Snl Su

XmSm Xm Xm1 Sm 1 Xm i Xm2 Sm r o o

Xntz Xist Snti Xu tiSh

XmSm Xnt su t É Xk Xhtt Sk
Kent



Thm9.3.4 Dirichlet'sTest

If Xn decreasing lui xn o

Sn É Ya are bounded

then I Xnyn is convergent

Pf Sn bdd I B 0 Sit IsnKB then

Then Abel's lemma Thu9.3.3 fam n

IntXkyklelxmsm xntisnltn.FI Xk

XktillsklEXmtXnti B Eh Xk Xk B
sie Xn decreeing

BIXmtXnt it Xm Xm Xu Xuti so

2Xht B o as a is

HE o Ike IN St if m nak IÉn kayakE

By Candy CriterionFhm3.7.41 Exnyn is convergent

Thin9.3.5 Abel'sTest

If y
Xn convergent monotone sequence

Yn convergent

Then Exuyn is alsoconvergent

multiplying convergent monotonecoefficients to a convergentseries results in

a convergent series



Pf Case1 Xu decreasing luiXu X

let Un Xu X then

Then Un decreasing un o

Now Zyn converges partial sum of Ign are bounded

i Dirichlet'sTest Thu9.3.4 Eunyn is convergent

Hence I Xuyn Z un x Yu Zunynt XEyn

is also convergent

Case 2 Xu increasing X linen

Similar argument as in case I by considering

Da X Xu the IN insteadof Un

Eg9.3.6 a Recall 2suitX ext crux sin htt x sink Ex

If X is fixed and X 2kt t k 3 1,0 1,3

Then cent i coax Isth htt x sin I
2 suitx1

E hyp then
7

partial sum of t
Eaux

bound indep of n

i Fa a fixed x take Dirichlet's Test

Éancesnx converges provided
an is decreasing

I loan 0



b Sanilarly from

2 six sext stunx Cestx co htt x then

we have fax 2kt

Isinxtatsuinx E
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partialsum ofEsinnx bound indep ofu

ansuinx converges fax 2kt

provided au decreasing and

let an 0


