
 

Cor8.4.2 If C S are the functions in Thm8.4.1 then

Ckx Six
is

six ax
HER

Moreover C S have derivatives of all orders

Pf Easy

Cor8.4.3 The functions C S inThmf4.1 satisfy

the Pythagorean Identity Cat 515 1 HER

If let fix Cat 511

ByThen8.4.1 f is differentiable

fl x 2CINCH ZSAISEx

2CA SO ZSA O AXE R

fix is a constant function on IR

f x Ef o C 5 6015 1 AxeIR H

Thm8.4.4 ThefunctionsC andS satisfying
CK d SE S

Ic 4051 and I 510 0

C D 0 540 1

are unique



Pf Omitted similar argument as in theproofforexponential
function E by usingTaylor's Thm butreduce to two terms
insteadof one because the equations are 2ndorder

Def8.4.5 The uniquefunctions C S given inThu8.4.1
are called the cosinefunction and the sinefunction respectively

and denoted by

Cox CAI sin X S X

Thm8.4.6 If filk R satisfies f x fix AXER
then I real numbers dip suchthat

f x L Cat BS X H XER

Pf Let 2 410 p fo

And consider gix a cat psa HER

Then g o 2C o t pSco a fo

gEx aSH t pCA

glo as Coltpdo p flo

g x a CEH t pS X gas

Hence the function h f g satisfies



h f g f g h

I 9105 510 9102 0

G'co Ho 940 0

Similarly argument as in the proof of Them8.4.4
we have tix o AXER

s f x Gox LEAHPSA AXER

Thus4.7 The cosine Ctx sine Six satisfy
V CC X C X St D SIX OXER

evil
g
City Cox Cigs Sadly

formulae
9 six ay cosy

compoundangle

Pf Omitted Easy by Thm8.4.428.4.61

Thin8.4.8 For X 0

Vii Xs Six ex

Viii's 1 EX's case I

six X 8 3 54 EX

X I ERE CASE I EXE4X4



Pf Omitted

lemma8.49 I a root 8 of Cox in the interval E B

Moreover CA 0 U XE to r

The number 28 is the smallest positiverootof Six

Pf By wig X ai Tha8.4.8

1 EX'S CASE 1 EX x4

we have CLE 20 and

C B S l I E t B 4

I 3 294
2 36 9 I c o

Intermediate valueThu C x 0 forsome XeEE BJ
let 8 be the smallest such root of C X ai E B

Then V XE to 8

if XE TE D then x to by the choice of 8

If XETO E then x 1 EX 0

Therefore continuity of CA Ctx o txt to 8

Finally by Then8.4.7 with X Y 512 3 254 Ca

Therefore 56283 2512 r O



28 is a positive root of Six
Now let 25 smallest positive root of Six s

Existence of 8 follows from501 0 5407 1

suppose or

Then 0 51203 25 o CCO

Since Ctx 0 AXE to D wehave

SC E 5183 0

which contradicts the definition smallest of 8

Theatre Er

Note Of course we can prove that 8 E as stated in

theTextbook But we need Ex8.4.4 notjustThenf48

Def8.4.10 T 28 smallest positiverootofS

Note Thu8.4.8 x 2.8285 TE216,235 3185 Ex

smallestpositiveroot of 1 1 44
4



Thn8.4.11
C S are 25 periodic have period 27

Xi AZT CA S Xt 2T SIX FXER

SA E X CATE

CA SCE x E
HER

Pf Omitted



Ch9 Infinite Series

9.1 Absolute Convergence

Recall Eg3.7.6 b Harmonic series

I It t t t t is divergent

sincepartial sum sus t t t t th is unbounded

but Eg3.7.6 f Alternatingharmonicseries

th t t t t ft is convergent

i A series I Xn may be convergent but

theseries I Hnl may be divergent

Def9.1.1 Exn is absolutely convergent if
the series Elul is convergent

Exn is conditionally convergent or non absolutelyconvergent

if Exn is convergent but Elul is divergent

ie conditionally convergent means convergent but not absolutely convergent

Eg Alternating harmonicseries EFI is conditionally convergent



Thin9.1.2 Absolutely convergent convergent

Pf Elul convergent

HE 0 I Mce EIN sit CauchyCriterion3.7.4

if m n Mce then Mail t Xml E

let Sn x t xu be the nth partial sum of Exn

then t m n zMce

ISm Sul I Xutit tXmlE Nati It a Mmk E

I Xn is convergent

Grouping of Series

For a seriesof Exn one can construct many other series

I Yu by grouping the terms

inserting parentheses that group togetherfinitely many terms

but keeping the order of the terms Xn fixed

That is
Yi ji Xi Y Eni j YE É is

Nk c n Rt U k 1 2 No O



I X it Xz t Xn t

X it at Xn Xhit t it Xna Xna t t

Y t yo t y t

Eg I E t 4 E ft I t f

is a groupingtheterms of the alternating harmonic series

ie Yet Ye tz Ys t t 44 1 ft

Ys I yo I it

Thu9.1.3 Exn convergent

anyseries Iya obtainedfromit bygroupingthe terms is also

convergent convergesto the same value

Pf let Sn nth partial sum of Exa

tr kth partial sum of Eyk

If Yk jÉ s

then t y Xit Xn Sn

tz y Y Xj IF xj X tent Xnesn
An Snk



i tn is a subsef of Sn
Since Exn is convergent Sn SEExn as no

i tr s as k a

ie Eye is convergent and converges to thesamevalueasExn

Remark The converseofThin9.113 is nottrue
Counterexample let Exn l i t t t t

I Yk I 1 I 1 I 1

Then Yeo k k Iya is convergent

But original series Ex u t Iti it l is divergent

Rearrangement ofseries

Notgroupinganyterms but scrambling the
orderof the tens

Def9.1.4 EYk is a rearrangement of Exa

if I a bijection ie one to one f IN IN sit

Yr Xp t k E IN 1,2 3

Remarks i Exn isconvergent Eye rearrangement is convergent

Ex9.1.3



Ii RiemannThm If Exa conditionally convergent

then t CE IR I a rearrangementEyeof Exn suchthat

ÉYa C Pf omitted

Thm9.1.5 If Txu is absolutely convergent then any rearrangement
EYk of Exa converges to the same value

Pf Exn absolutely convergent Ex convergent

let X É Xn and Sn E Xk
Then sax as no

I VE O IN EIN sit

if nan Isn Xk E

Onthe otherhand Exal convergent

HE O I Na EIN St

if q e INa then Ketil t Heal t.it XqKE
Therefore fu N maxiNi Na

if n q N

I Isn Xk
E and

I IXNtlltlxntzlta.itXqI E
H



let Eyk be a rearrangement of Exn given by
the bijection f IN IN ie Ya Xfck FREIN

let M max f CD Fav

then all the terms x Xo are contained in

y YM

i If Am EYa then t men n N

Am Sn Cy tent gate Ym Xlt at Xnt Xn

Y IE ytwtlYmtitntYm
lxntintxn

t
no Xi Xo inthesetens

is a sum of finite numberofterns Xn with k No

Itm Snl E Ey lat for some q

By Itm Snk E

Hence HE o M o suchthat

if m M Itm XIE Itm SaltIsn Xl Ete Ze

Since E 0 is arbitrary listen x

o TY u X Z Xn



59.2 Tests fu Absolute Convergence

Thin9.2.1 Limit ComparisonTest I

suppose

y
Xn yn 0 Ant 3

Asis Yal r exists

Then a If rto then

Exa absolutely convergent Ey absolutely convergent

b If 8 0 and Ign absolutely convergent

then I xn is absolutely convergent onlyTy Exa
inthis case

Pf Recall LimitComparisonTest Thm3.7.81 that

if Xu ya 0 r lesY exists

then
go
If 840 Exa conveys Iya carneys

If 8 0 Eyn conveys Exa conveys

Applying Than3.7.8 to Exal Ebut

Recallalso ComparisonTest Thu3.7.7 O ex syn t n 2k fasaaken

then
g
a EYn converges Exa converges

b I Xu diverges Ey diverges



Them9.2.2 RootTest Cauchy

a If I rel and KEIN sit
Hunter t ask

then Exa is absolutely convergent

b If I KEIN St

Mutt 21 t n 2k

then Exa is divergent

Pf a If Matter An k

then IXul Er taek

Suice Er is convergent fu of rat

ComparisonTest 3.7.7 Elul is convergent

b If Hultz1 then Hulst Hnk

Xu Ho as no

I Xu is divergent nthTermTest3.7.34

Cor9.2.3 Suppose r liesHutt exists

Then
o kl Exa is absolutelyconvergent

r 1 Exa is divergent

Noconclusion fat 1 See Eg9.2.76 later



Pf If rat then t renal I KEIN St

Halt s r s t t na k

then part a of RootTest Exa absolutely convergent

If r 1 then I KEIN St
Hulk 1 t na k

then path ofRoot test Exa divergent

Thm9.2.4 RatioTest DAlembert

let Xu O Un1,33

a If I Oct I and KEIN sit

14th er task

then Exa is absolutely convergent
b If I KE IN St

14th 21 task

then Exa is divergent

Pf a f n 2k IXul s r un it e r kn al e E MYXkl

If oars 1 then I yn I r ix I 11 Er is convergent

ComparisonTest3.7.7 Exal is convergent



ie Exa is absolutely convergent

b t n K Hnl2 IXny12 IXn212 714kt

Xu to as his Exa is divergent

Cor9.2.5 If Xu O t n 1,33 and

l r lies YI exists
Then

go
rat Exa is absolutely convergent

r 1 Exa is divergent

Noconclusion fat 1 see Eg9.2.76 later

Pf If rat then the Cr 1 I KEIN sit

My tis I An 2k

Part a of Tha9.2.4 Exn is absolutely convergent

If t e then I KE IN St

144 1 the k

Paths of Thu9.2.4 Exa is divergent



TheIntegralTest

Def Improper Integral

For AGR if o f E Rta b t b a and

l letsSabt exists and to

then the improper integral Salt is defined to be

Sif Lie Sit

Thm9.2.6 IntegralTest

let f t o decreasing on It al's

Then I fck converges Sit slug Sif exists

Inthis case

I fit dts ÉfCk EfcK e Ift It An 1,3

Pf

f o a decreasing t k 2,3

yfck E SI f t dt E fCk is



EYCK E ÉSI fit dts EfikD
f It f n c

let Sn E fCk
Then we have

Su fa s S fit dt E Sn t

I heaSn exists AsS fit It exists bold increasing

Éfck converges Sif exists Glial t exists leaf'texistswillbeprovednexttake

Using A y again if mon then

É FCK s É Si faut E En flk is

Sm Sn E Snm fit dt E Sm i Sn 1
Hence Um n we have

Sit fit dts Su Su s Sifcadet
letting moos we have

Sit fit dts S Sn E Si fitsdt

where S ÉStk


