



































































































































Cont'd from last time

let CEI then mean valuethem fu XEI Xtc

fm fu x fm fu c fm fi z x c for some Z
betweenX C

fuk fuk fuk Enl files fatalX C

11th fille
Hence HE 0

fmlx fuk full fuk s E
fa m hat

X C X C 2lb a

letting macs and using fm f we have f Xtc

fix Ik fuk In s Eta fa nett
Now using fi g again

for the same E O I N NCE EIN sit

Ifile gic s E fa na N

Then let k Max Hi N EIN

fix to go f x fic fk x fide
x C X C X C

fuk tick fico fico gccx C






































































































































It a et f'd first
Note that fa the same E o I 8g c o such that

I fit fico c e if IX Ckde xtc

Therefore we have proved that HE 0 I 8g o sit

I fix fede goals taiga e provided Ix oke

SuiceE 0 is arbitrary

les f I exists equals gas

As CEI is arbitrary f is differentiable on I and

f g

Interchange of Limitand Integral
Thm8.2.4 let fn ERtab fa n 1,33 Riemann integrable

I f I f on a b convergesuniformlyontab tof

Then f ERta b and
Gi Sif Sab f

ie for converges uniformly lessSafeSbabysfn
































































































































Pf By Cauchy Criterion forUniform Convergence Thus1.107

HE O I HID O Sit

if m nz Ale then llfm fullea.byS E

ie Es fuk fax E the tab

Hence
E b a s Sabfm Sab fue Ecb a

ie Sifu Sabfuls Ecb a

Since E 0 is arbitrary this wiplies

the seq of numbers Sabb is a Cauchy
sequence

i If Sifu A exists denotedby A

HE 0 IKLE o sit

Sifu AKE fan skies

And letting macs in themeg before the we have

HE O I HIE 0 Sit if nettle then

EE FIX FUX E E

ie Ann fix E E f x Etab 43

Now let 8 1Exit xis ti SE bea taggedpartitionoftab



If R2 max HIS KID we have

Sifu B 5158 Eff ti Xi Xi i É fltdlxi xi.nl
É facto far Xi Xi D

E É Ifulfil fits Xi Xi i

E EEE Xi Xi i by 43

E b a

Then

15ft D A E ISH D SCF 8 It IS FH A1

E Ecb a IS fu 8 Sifu t Sabfa Al
S E b att ISCfn 8 Sabfal

Finally fix an no MaxHce KC and

using SnfRia b I 8eno 0 depends onnotoo sit

if 1181Kdeno then 154h D Sita s E

Hence HE O if 11811 de no we have

15 f D A s e b att E E b a ta



Since E 0 is arbitrary we have proved that

feria b and Sif A basisSabfn

Thm8.2.5 Uniform Bounded ConvergenceTheorem

let f ERta b tn 1,33 Riemann integrable

o f f a Taib pointwise convergence

o te RTAb

I B o such that 11fully EB An1,33
ie Haki EB Metab tn 1,33

Then leasabfn Saif Sableast

Pf Omitted
Remark Thecondition in Bounded ConvergenceThan is weaker than

Than8.2.4


