
 

If 8.1.2d HXE IR IFak Fix let s e not
Only need to choose K E He t l

which is independent of x and works for all X EIR

Deff1.4 Uniform Convergence

A seq fu A IR converges uniformly on AoEA to a function

f Ao IR

if HE 0 I KC E IN dependson E butnot axe Ao

Sit if U EKle then

Ifax fix K E HXEAo

Remarksd In this case we say that

Cfn is uniformly convergent on Ao and denotedby

f n I f on Ao or

fuk fix fu X E Ao
Or in some otherbooks fu f uniformly onAo

ai's uniform convergence pointwise convergence

ie fu f ar Ao fu f on Ao

Easy from the definitions



lemma8.1.5 fu A IR doesnot converge uniformly on AoeA to

f Ao IR

I Eo o

f or a subsequence fun of fa and

a seq Xk E Ao

suchthat Ifnan far 2Eo Hk1,33

Pf Negationof Def8.1.4
I E 0 such that t k k ked E IN

the statement

if u s k then Italy fix Eo t XEAo

doesn't hold

ie I NEK EIN sit

Hank fix l E H XEAo doesn't hold

I I XkeAo Sit Ifnan fixus z E

All together I Eo 0 tnn subseq NalaAo sit

Ifnalk flu 2 Eo



Eg8.1.6

9 88.1.2 i fuk E fix O AER

Consider Apk Xu KEIR Then

Ithaca fan In Of Ikke
Choosing Earl then lemma8.1.5 fu f ar IR

b off1.2lb Gulx X Glx 49 Ell Ao El I

Consider not k he Maki

Then Snuka g Xa y O ft th

choosing Eo ya lemma8.1.5 X g on Eli

C off1.2 C link Y Lex x Ao IR

consider heh Xue h

Then hulas has n't th Xu
tkjtk.tk they

k

Kal f o

Choosy Eo 1 lemma8.1.5 hn h ar IR



Ref8.1.7 UniformNorm supnam in some otherbooks

If 9 A IR is bounded onA lie 91A isa boundedsubsetofIR

then we define the uniform norm of you A by

11911A sup3191 11 XE A

Remark 119HASE 19A E E AXEA

lemmaf.lt fu f on A 11fu fila O

Pf E In far A

By Def8.1.4 HE O I KCE E IN

Sit if asked then

Italy fix KE AXEA

i HE O I NCE KE EIN St if ne NCE

Ilf flat E E by remark above

ie Ifn fila o as new

If Ifn fila 70 Then HE O I KIESEN sit

if he Kle Ifn fila SE

fax fix E H X EA

i fu f an A A



Eg8.1.9
9 Off 1.219 fuk E ar IR f x 0 on IR

fax fix is unbounded Afn flip isnotdefined

However if one consider only on the interval A10,13
Then fuk fix is bounded on to I

and 11th fly sup El Xeton

L Go as now

Fulco O on to I

f
infact fu for anyboundedsubset but an unboundedsubset

b eg8.1.2b consider only on To I EAo Ao fi I

Then
Of Xsl

gu x x 91 1 19 x 1

119N 9 leg sup Ight gal Xero is

sup lx go L

I since X t as x 1

Mn 916,40 i Gn g on to I



C off 1.2 C halt X Lexx on IR

But hulx eux E is not bounded on IR

thn Allie doesn't define

But hnk has is bounded on 10,87 and

Ahn hllegg sup 1 1 XE0,873 4
O as nos

i hn h on 10,8 but not on IR

di 98.1.2 d Fuk tsin next FA 0 on IR

Fuk Fix It HXER

IlFn Flip et in fact IlFu FIL ta Ex

o as no

Fn F on IR

e A TO IT Gulx X Cl X

Clearly Galx 0 AXEto I EX

Gn converges pointwisely to Gao on A to I

To see whether Gn converges uniformly to G on To I

we calculate 11Gn Gllio is



HXETO I Gnk G x X l X 20

which is 0 at X o e

i Fa interia max X 0,1

O X CI X I n X CI X X

G1720MTO IXU 1 h Utc X
y

Glo 600

x only criticalpt hencemaximum

and 11Gn G Ila A t

Ian NT
Notethat tea Itta e we have

11Gn G Il to is o as no

Gn converges uniformly to G on to I

Thin8.1.10 CauchyCriterion fu Uniform Convergence

let th be a seqofboundedfunctions an A Then

fu converges uniformly to a bounded function f on A

HE O I H e EIN sit F m n HIE

Ifm Fulla S E



Pf 6 fu converges uniformly to f on A bothfu f bdd
11 fn f 11 0 lemma 8.1.8

I HE o I 14 EIN sit

if n k then 11th flask
Hence letting Ale KE we have

t m n HK Ifa fila Ea e Ilfm flask
I Ifm full sup fma fast XEA

sup fuk fix I fix Fal XEAS

s sup I fax fix XEAS

supt I fix fix l XEA

Ifm flat Ifa f la s Et E E

Conversely if HE 0 I HID 0 sit

Hm nettle Ifm fullASE

Then t XEA Ifk fuk E Afm fullA E H

fu x is a Cauchy sequence

By completeness of R Thu3.5.51 faces is convergent

Since the limit depends on X we denote it by

f x leg fax fix is the pointwise limit of fa x



Then letting mus a e we have

I f x FnX E E K X EA

ie HE O I HIE EIN St

if he Hle I f x fix E E K X EA

Since E 0 is arbitrary thisshows that for converges

uniformly to f an A



8.2 Interchange of Limits

Eg8.21

A Eg f 1.241 GuX X on to I

galx gas 19
pointwise

discontinuous

dig les Guus legless x less1 1
x IS X 1

11 his9nA 4,4 9
x 0 suiceglx 0 txt

his leg Snax FEIMIGN

i Can't change limits for pointwise convergence

11 sameexampleI giex n x

Of Xs I

g x doesn't
exist

i Pointwise limit of sequenceof differentiable functions

may not differentiable



C Ax OEXET well defined

fulx n x 3 LEXIE

I exe
late ang

I
0

n 22

It is easy to prove
q

Affix O V XE to I

ofu so pointwisely

As fu is cts fu is Riemann integrable and

Sjfa 1 U h 22

i theySita Silesiafu o

i Integralofpointwise limit bit of integrals

d Let halx znxé Xero I

Then Stan So'znxé dx Site dx

eh'll l é

s has Sohn 1

But lesshnixs nbgznxe N otxeto.IT LEX

Soltishn O heySohn



Interchange of Limitand Continuity

Thm8.2.2 Let fu A IR seq ofcontinuousfunctions

f A R
I f If onA converges uniformly

Then f is continuous on A

ie uniform limit of continuous functions is continuous

Pf f f on A

11th fila O

HE o I H H E 0 Sit

if nett Ifa 511A E
seep Ifuk fix I XEA

Now if CEA then F XEA

If x fol E Ifix fault fuk face Italo fol
E Il fu flat fitly face Itll fit fila
2 fuk face

Since fit is continuous I 81470 such that

if Ix Cl de then I fax fatale Es



Therefore we have proved that

HE O I felt Ost

if Ix Clc de

If x FCO 23 Ez E

t f is continuous at C

Since CEA is arbitrary f is continuous an A

Interchange ofLimit andDerivative

Thm8.2.3 let I be a bounded interval
as b finitenumbers
cab Cab Ia b cab

I Xo EI such that facto converges as notesI

fn g on I fusomefunctiong uniformconvent

Then I differentiable f I IR

suchthat
Sh f or I and

I f g ftp.fnj nbsifa



Remark Suice fi is notassumed to be continuous fi maynot

integrable and hencethe FundamentalThan ofCalculus

maynot applicable

Pf let m n e IN fin fi exist
fm fu is differentiable

MeanValueThan if X E I then

fm f x fm ta Xo fm fi y X Xo

for some y between X Xo

where Xo is the pt such that facto converges

I fmlx fuk fmlxo f Xo fully figs x Xo

I fuk faces El fmlxo facto folly fi ly XXo

Halko fault 11th fille b a
where as b are the endpts of I

Taking sup over XE I we have

115m fall IS IfmXo fatal t 11th fill Cb a

Since fn 9 Cauchy criterionfor uniform convergence

Thu8.1.10 applies



HE O I H HEE E IN such that

Il fi fill s gas t m n EH

Suice fado converges Cauchy criterion for convergence

of sequence Thm3.5.5 replies

HE O I He H E eIN suchthat

IfmXo fu Xo Ez t m n Z Hz

Hence Using 11

HE O I H MaxHi Ha eIN such that if mins it

Il fu full Is Ea Cb 9 E

Then Cauchy Criterionfu uniformconvergence again replies

fm f fa same function f I IR

carafes uniformly to some f

Next we need to show that f is differentiable and

fl g
To be cont'd next time


