
 

7.4 The Darboux Integral

Def Upperand lower Sums

let f a b IR bounded

P xo x xn partition of a b

Ma tnf f x XEXk XD exist becauseof boldness

Ma sup fix XETXki XD

The lower sum of f corresponding to P isdefinedto be

f P ÉMk Xk Xke
uppersum of f corresponding to P isdefined to be

Ulf P ÉMRXK Xk 1
Remarks is upper and lowersums are not Riemann sans ingeneral

because Mr Mr maynotattained at any pointin IanXu

unless the function f is cts
di's On one hand LA P and Ulf P are simpler

because they do not involve the infinite many possibility

of tags But on theotherhand inf and sup
are harder to handle than values of a function



x.at yI
y
job x5x a1 É y Éb xs

lower sum f D upper sum Ulf P

Lemma7.4.1 If f ab IR is bounded and

P is a partition of Taib

Then Lcf D E U tip

Pf Ears me ftp.t.mtEEY.fxnf Mr

Lf D mklxhXk.DE MalXkXh i UCf P

Def If P Q are partitionsof Tab and PC Q then

we say that Q is a refinement of P

Remark If D Xo Xi Xn and Q Yo Yi You

then Q is a refinement of P if XKEP.tk g in Xue Q

Cie Xu Ye fame 1 0,1 m

Q
d X

B
k b Xs xd G X y thk b X

do I Is 96



In other wads subinterval Exa XD of P is furthersubdivided

in Q Xu Xu Ty Yj 0 U ya ya

lemma7.4.2 If f ab IR is bounded

P is a partition of Tab

Q is a refinement of P

Then L f P E LIF Q and UCL Q E Ulf P

Pf Special case Q is a refinement of P byadjoining one point

Let P XoXy Xn and

Xo Xi Xk l Z Xk Xa

Then ME if Ifix XETXp i ZT

2Mf I fix X E TXk I Xu Mk

Mk inf fix XE Tt Xu

I if I fix X E TXki XD MR

Lcf P EgMilXi Xi c MrXu Xu is

ftp.MI Xi Xi 1 Mr Z XK MkXk Z

E EnMi Xi Xi 1 Mr E Xk 1 t MKXn Z

f Q



Similarly Ulf P 2 Ulf Q ex

Generalcase

If Q is a refinementof P then Q can be obtain from

by adjoining a finitenumberof points to P one at a time

Hence repeating the special case or using induction

we have Lff P E LIF Q

and UCF Q E Ulf P

Lemma7.4.3 let f ab IR be bounded

Then Lcf Pi E Ulf Pa

fu any partitions R Pa of ta b

Pf Let Q P UPz
Then Q is a refinementof P and also ofPa

Hencelemma7.4.1 lemma7.4.2

If P e Lff Q EUG Q EUG Pa



Notation Let Pleab3 setofpartitionsof cab

Ref7.4.4 Let f ab IR bebounded

The lowerintegral off on I is the number

f sup Lf P PE Dab
and the upperintegral off on I is the number

Ucf auf Ulf P Pe Plab

Thin7.4.5 Let f tab IR be bounded Then Lif andUlf

off oncab exist and LIF EU f

Rf Lif and Ulf exist

f bounded MI e if I fix XE I Taib

M I sup fix XE I tab exist

It is clear that HP EPUB
MICb a E LA P E Ulf P EMI lb a

f and Ulf exist

and satisfy Me b a E LIF Ucf E MI lb as



If E U f

By lemma7.4.3

Lf Pi E Ulf Pa fuany partitions P e P

Fixing Pa and letting P runs through Otab we have

f sup LIF P P E Tab E UCt Pa

Then letting Pz runs through Tab we have

L f E Tuf Ulf R RE Tab Ulf

Def7.4.6 let f ab IR be bounded Then f is said to be
Darboux integrable onTab if L f U f

Inthis case the Darboux integral off over Ia b is defied

to be the value LA Ucf

Remark We'll use the same notation Saif a Sabfesdx

fa Darboux integral since it is equal to the

Riemann integral Thm7.4.11



Eg7.4.7
a A constant function is Darbouxintegrable

In fact if fix C onTaib P isanypartitionof carb

then Lcf P CCb a UH P Ex7.4.2

f cCb a Ucf

b g 0,3 IR definedby gas 3 I Leg 7.1.44

3

2 is Riemann integrable 139 8
O 3

Using Darboux's approach weonlyneedto prove

LIF U f
Noneedto check whether theyexist

As If sup of something

Ucf niffof sometrig
we only need to find sequence family of partitions
that can prove the required result no need to

consider all partitions






















