
 

Cor7.2.10 If f ERTa b Cd Ctab then fERE d

Pf By AdditivityThan7.2.5

FERIAb FERTCb FERIA

Car7.2.11 If FERIAb a Coccia cm b

then f eco co E RICHCi and

sit Si S

Pf By Induction

Def If fERTaib and DpEta b with xp
we define If Sff and

Sff tf o



Thm7.2.13 If feria b and dip r eTaib

then SIF Sif If a

in the sense that the existence of any two ofthese

integrals exist implies the third integral exists holds

Pf Clearly Thm7.2.9 Cor7.2.11 wiplies the statement that

the existence of any two ofthese integrals exist

the third integral exists

Now if any two of a p r equal
then is trivially holds check

If 2 p r are distinct we consider

La pis et la's Serf It
It It It

Clearly LK p D Llp 8 d L 8,4B check I

La J P L Dp a LCp 48



eg Llap.rs lift t It
ft ft 55 Larp

By AdditivityThat 2.9 if d rep
then

Llap r Skf 525 1,7 0

By the above we have Lapin O

fa all other situations raped peat

rasp asper para
Hence tapir

0 448,23 515 Sif 58

ie Sif Sif sit



57.3 TheFundamental Theorem

Recall A function F Laby IR is called an antiderivative

a a primitiveof f tab IR on Iab if

FEx f x V XETaib

Onesided derivatives at a ex b

Thm7.3.1 FundamentalTheoremof Calculus 1stForm

f F ab IR functions
Suppose l E finite set of ta b E faexceptionalset

a F is continuous onTab

such that b F x fix t Xt ta b IE

C f e Ria b

Then
Sabf F b Fla

Pf Withthefinite of points in E I 1

tab is subdivided into finite

numberofsubintervals such that Fx fix on the

subintervals except possibly at endpoints



Thenby Thu7.1.3 That2.9 one can reduce the proof

of the Thm to the case that

E hab's two end pointsonly

ie Flex X H XE a b

Exercise 7.3 I of theTextbook using Fits EFki FixiD Fib Fia

In this special case consider any E 0

Then JERTab assumption C

I de o such that

if 8 Exitxis ti É satisfies 11811 8 anytags ti

then I 15,8 Saif Is E 4

By MeanValueThan6.2.4 I die exit Xi sit

F Xi FIXED FlUi Xi Xi D

f Ui Xi Xi n ti ti n

since Fff exists on Cab assumption b of thespecialcase

Hence F b Fla É Xi FIXED

É fai Xi Xi D



Refine the taggedpartition ButExit Xi Ui
samepartition with new tags

Then 11Pull de and

F b F a S f E
I F b Fca Sit I s E by 4

Since E 0 is arbitrary Saif F b Fla

Remarks I If E O then assumption b assumption a

lil Onemayallow f defined on Tab exceptfinite number

of points as one can extend f to all XETab

by setting fees o fa c e domani f aiguially

Iii F differentiable onTab F ERtabs

assumption d is notautomatically satisfied even

E 0 assumption b is satisfied Eg7.3.2 e



Eg7.3

a Fix X AXEta bl is continuous onTab

e FA X VXEtab i E 0

Flex X E Rta b says by Tbm7.2.7 cts aitegrable

Saxdx F b Fla I b a

b Suppose tab is a closed interval st Arctaux tan x

Glx Arctanx is defined onTaib fuinstance raiseFEE

Then G x DX era b is continuous onTaib

b satisfied with E O with fixe

Hence a satisfied automatically

And Thm7.2.7 C is also satisfied

I S day Arctanb Archana



C Aix NI fa XEF 10,103 Cts

onecando any Exp with dip o

Then I fa XE 0,10

Alex doesn'texist fax o

I fa XE 10,0

Recall the signum function

agnix
x o

O

I X O

Alex Agnix AXE ELO 1031305 E 30

Note that sgulx is a step function or differentfronastepficatian
atonepoint

faithwedegeneratedintervalThu7.2.5 Agha ERE 10,10

Hence fijagnix dx Allo A1 107 10 10 0

d Hex ZA on To b

Then Hex cts on to b

HEX E K XECOb E 30



Note that ha is unbounded on Tob

h RIO b No matterhow wedefine110

i Fundamental Than7.3.1 doesn't apply

Needto consider improper integrals whichis equivalent to

applyingThan7.3.1 to Le b andthen letting E 0

e
kex

acte XE Co I

0 X 0

Then
2x as Estelle XECOIT

KEX I o if o eg6.1 ta

That is K differentiable on To 13 hence cts on 5913

However K is unbounded and

therefore K RIO13 assumption C doesn't satisfy



Def7.3.3 If feria b then the function definedby

F Z Sat f fa Zeta b

is called the indefinite integral off with basepoint a

onemay use other point as basepoint is still called

indefinite integral Ex7.3.6

Thm7.3.4 If FERIAb then

FR Sat f is continuous on Ta b

and in fact if IfA Is M H XEtab then

4 I FA FCW E MIZ W I T Z W Eta b

Remarks i Mexists because FERTab f isbdd

ai's is called a Lipschitzcondition much stronger

than just continuity

Pf t z wetab with Wiz AdditivityThu7.2.9

FA SEf Saif ft f Few Sff
i FIZ Few SI t

If ME fix E M FXEta b



Thas 7.1.56 ME D e SEF s ME W

FIZ Few I Sff E ME W MIZ WI

since WE
Clearly thecase Zen follows immediately too

Thm 7.3.5 FundamentalTheorem of Calculus 2nd Form

let feria b and continuous at C

Then F z Saff is differentiable at Z C and

F c fcc

Pf We'll proveonly for the right hand derivative

algin FlathEFCC fie

The lefthandderivative canbehandled similarly
Therefore we assume CE Ia b

Since f is continuous at C HE 0 Eye 0 sit if

x I fix f c K E V X etc cthe consideronlyrightside

let he coMe then AdditivityThin7.29 Cor7.2.10

F E Rta Cta RiaCT RFC Cth and



Ith f Sif Stf
ie F Cta Fi c Sta f

By A flat E s fix fly E F X ETC CtMe

we have fo e as Sith f s fate h

which implies

fed g s Fath Fic
fatea

Fath Fa fa e E the gyeh

It proves that leg Fath Fa froh

Thm7.3.6 If f is continuous onLab then

FCA Saif is differentiable on Tab and

Flex f x V X Eta b

Pf fats anta b te Rta b cts at everypt C Etaby



EET fix syn x on Eli
Then FE REI I stepfunctionwith a degenerated intend

f notcontinuous at X o butcontinuous KXEEl Dito

Steeply calculation indefinite integral with basepoint t.is

Fix Isgnadx 1 1 1 EX

One can see that Flo doesn'texist t cts at c is a
necessary condition

and F is not an antiderivative of fix agnx

bl let h Thomas's function
IN4,33

I if X Y ETO 17 m n have no commonfactus
to godmn L

hat I 1 if X O

0 if X is irrational XEto I

Then by Eg7.1.7 one concludes that

Hex Sth O H XE to IT

H x 0 exists K XEto I

However Ha thx A rational X Eto J



Thm7.3.8 SubstitutionTheorem

let f I IR cts I interval

4 52BJ IR sit Y't exists cts tteta.pl
ie 9has a continuous derivativel yea p CI er IR

Then
S f acts glad t SIIfixidx

Notes lil t ex in the formula are dummy variables justusingthem

for convenient in practice
thinking of change of variables x pits

In fact the formula can be written as

S fog 4 5,1 t

dis The formulaholds fu 91ps912 as wedefined before

PfofThm7.3.8 Ex7.3.17 Easy applicationofFundamental Them

Chain rule

Eg7.3.9 Tooeasy Omitted



Lebesgue's Integrability Criterion

Def7.3.10

a Aset 2 CIR is said tobe a null set setofmeasurezero

if HE 0 I a countable collection Icanbrisk of
open intervals couldbeoverlapped such that

Z EQcarby and EI bk 9k lengthofinterallak.br

b If Qu is a statement about x e I wesay that

Qu holds almosteverywhere on I

a Qu holds for almost every almost all x e I

if I a nullset Z CI St

Qu holds V X E Il 8

Inthis case we write Qex for a e XE I

Remarks H nullset may means emptyset fu samepeople
So setof measurezero is used moreoften

Ii Defeat means I can becoveredby a set ofarbitrary

small total length Kaidof lengthof2 0 but it is

difficult to define length ofarbitrary sets in IR



Eg7.3.11 Qt setofrationalmembers in to IT is a null set
setofmeasurezero

Pf Q is countable and can bewritten as

Q ri ra ra

Given E 0 define open intervals

Jk th EA ret E k b3

Clearly the Jr and lengthof Ju n

i Oh c Jk and I lengthofJk ÉEn E
K

Since E 0 is arbitrary Q is a nullset

From the proof it is clear that it doesn't use the fact

that ru are rational Hence the proof can beused to

prove that

Every countable set is a null set setofmeasurezero

countable infinite canbe proved similarly

countable finite are included bydropping the tail of

the infinite series



Thm7.3.12 Lebesgue's IntegrabilityCriterion

A bounded function f tab IR is Riemann integrable

ifandonlyif it is continuous almost everywhere on tab

Pf Omitted SeeAppC of the Textbook

Eg7.3.13
a Every step function on Lab isbold has a finite set of

points of discontinuity which is a set ofmeasurezero

and hence every step function on a b is Riemann integrable

b Everymonotonefunction on ab is Riemannintegrable

In fact monotonefunctions are bounded

Thm5.6.4 setof pointsofdiscontinuity of a monotonic

function is countable

Hence it is a null set

I Lebesque's Integrability criterion it is Riemannintegrable



C eg7.1.4 d

t if X t n 1,3 I 1

O elsewhere on to 13 I 80

is bounded and I

I I
setofdiscontinuity 14,5
is countable hence measure zero

Lebesgue's Integrability criterion Glx is Riemann integrable

d Ey7.2.261 not integrable

Dirichlet function fix It if X rational xero i

O if X irrational XECo I
is bounded

set of discontinuity10,13 discontinuous ateveryxerosis

which canbeshownthat it is not a nullset omitted

Lebesgue's Integrability criterion

Dirichlet function is not Riemannintegrable



e eg7 lit Thoma's function
IN4,33

t if X Y ETO 17 m n have no commonfactus
to godm n L

hat I 1 if X O

0 if X is irrational XEto I

is bounded by eg5.1.641

setofdiscontinuity Q setofrationalnumbers into 13

which is of measure zero of 7.3.11

Lebesgue's Integrability criteria

Thomas's function is Riemann integrable on to I


