
 

6.2 TheMeanValueTheorem

Recall function F I R is said to have a

relative maximum at c e I ÉÉÉ
d o

if I a neighborhoodofC V Vo c c o er such that
samepartmayoutof

I

f x Efcc V XEV n I i
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relative minimum at c e I

if I a neighborhoodofC V Voco coo to such that

f x z fi c V X EV n I

relative extremism at CEI if either relativemaximum
n relative minimum

Tha6.2.1 InteriorExtremumTheorem samenotations asabove

let c be an interiorpointof the interval I

f has a relative extremum at c

If fcc exists then fo o



Note The conditionthat CEI is an interiorpoint is necessary

eg fix x on to I has relativeextrema text

at x 0 mine but 5 o 140
o

at x 1 Max but 5411 140

Pf ofThm6.2.1
Proveonly the case of relative maximum Thecaseof relative
minimum is similar

let c e interiorof I f has a relative maximum at c and

flo exists

Suppose onthe contrary that flat 0 then either

f c O a fcc o

If fees o i.e Gc HII o

ICI
Then byThu4.2.9 oftheTextbook MATH2050 I a nbd V Vole

suchthat I o f x e v n I c



Since centeriaof I one can find a d o dad

if needed so that co o Cto c un I

tie as I

Note that f has a relative maximum thereexists or o

such that fix Efta A XE c o can I

Then for 03 mind or 0

Ceos Cto C VAI and
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As aresult
gu fie
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0

and fix s fee
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The 1st inequality implies

I X C in C O Gds Sit

fix Ico o fix fed O

which contradicts the 2nd inequality



Similarly if ftc so one can find of o so that

f x f C
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s O

and fix s fee
txt edicts Xtc

The 1st inequality

I x se such that fly 6 so

fax fo o contradicts the 2nd inequality

All together we have

fled 0

Cor6.2.2 Let f I IR continuous

f has a relative extremum at an interiorpoint CEI

Then either fees doesn'texist

a
l

fcc 0

Pf Followeasily fromThm6.2.1



If fix txt on I El I tax I

interior minimum at x 0
i o i

co doesn't exist

Thm6.2.3 Rolle's Theorem
asb

Suppose f Ta b IR continuous onclosedinterval I tabs

flex exists t XE a b openinterval interiorof I

flat fib O

Then I CE la b suchthat f c O

i
tis o

Pf If f x 0 an Tab then Fx 0 t XEtabJ We'redone

If fix 0 theneither f o fasome point in a b

or f so far somepoint in ab



Notethat f is containous on the closed interval tabs

f attains an absolute maximum and an absolute minimum an I

Thu5.3.4 oftheTextbook MATH2050

Hence if f o fu some point in a b f attains

the absolute maximum ie the value sup X XE I 0

at some point C E a b as flag fib o

Since ceca b fcc exists

By InteriorExtremeTheorem Thu6.2.1 Hc 0

If there is no xt la b sit f o then wemusthave

f co fu some XE la b Hence f f 0 forsome XHa b

and f satisfies all conditions as f Therefore

I CE la b such that f f c 0 f 0



Thm6.2.4 MeanValueTheorem

Suppose f a b IR continuous acb

flex exists txt a b

Then I a point cecab suchthat

f b fla f'd b a

Pf Consider the function defined on Taib

4 x fix HIT ex a tea
fax fas fi Ital ex a

tax

parallel

TXI ftp.tacxastfialfca i 911
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Then 9 is continuous on tab as f is containers on la bl

and G x exists t Xela b as fix exists txela b



At the endpoints

9cal f a flag
fl Itala ca a o

9lb fib flag f b ta b a o
b a

9 satisfies all conditions in RollesThin Thin6.2.3

Hence I CE la b such that

0 4 co flee fo tod by Thu6.1.3 and 1 5 1
b a
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Applicationsof MeanValueTheorem

Thru6.2.5 Suppose f ta b IR continuous carb

fix exists txt ab ie f differentiable m cab

fix O V XEla b

Then f is a constant on Tab

Pf let XE Iab and X a

ApplyingMeanValueThu to f ta X IR

which clearly satisfies all conditionsoftheThm



we find a point ceca x such that

f x 5 a Fcc x a o byassumptionfacto

fix fla V X EI

I f is constant on I

Cor6.2.6 Suppose f g ab IR continuous

f g differentiable on a b

f x glx V XE a b

Then I constant C such that f g C on ca b

Recall f R is said to be

increasing on I if x axe x xze I FADEfixe

decreasing on I if f is increasing on I note not a

Thou6.2.7 Let f I IR be differentiable Then

a f is increasing on I fix 20 t Xt I

b f is decreasing on I fixe O H Xt I



Pf a let fix O H XE I

Then fu any Xi XaEI with Xi x z we can apply

the MeanValueThan to f TxXD IR

suice f is differentiable on I f Tx Xie IRsatisfiesall conditions

and find a point c e x x such that

of the t

f x2 fax f c Xz Xi

I 0 Shia f c 20 Xz Xi

I f is increasing on I

a G Suppose f is differentiable and increasing an I

Then t c e I we have

FYI so H XE I X e

by f is wineasing
both positivelazero if x s
both negativezero if XCC

Hence f differentiable at c

f'd fyi HI z o

b Applying a to f



Remarks 11Strictly increasing X Xz fixit fix

Then ex13 of56.2 fix o on I f isstrictly increasing on I

But
flex o on I f isstrictly increasing on I

Counterexample f x X IR IR is strictlyincreasing

but 1070 which isnot so

4 Consider
gex X x'sin E if x to

0 if Ko ft whites

oscillating

Exercise10of56.2 9907 1 0 but g x is not increasing

in any neighborhood of 0

Thatis Six so only at a point x isnotsufficient to ensure

Six is increasing near the point Weneed a whole interval



Thin6.2.8 FirstDerivativeTest fuExtrema

Let f ab IR continuous asb

CE la b

f is differentiable on Ca c and sb

Then a If I 0 0 Sit
y

c d Cto E la b

1
fix to fu XECeDc

F EO fa XE C Ctd

then f has a relative maximum at c

b If I 0 0 Sit c d Cto ECab

1
fix e o fu XECeDc

fx O fa XE C Ctd

then f has a relativeminimum at c

Pf Ca If xe c o c then MeanValueThm

applying to f Ex c IR implies I exe ex c sit

f c f x flex C X

20 since 20 on c o c



If X E Ce Cto then MeanValueThm

applying to f Tsx IR implies I exe ex sit

f x FK fax x C

E 0 Suice f's oar e Cto

Together we have fcc fix U XE c o Cto

i f has a relative maximum at C

b Applying a to f

Remark ConverseofTha6.2.8 is nottrue

ie I differentiable function f has a relative maximum ate

but the statement

I 0 0 Sit c d Cto e cab

I fix 20 fu XECeDc

F EO fa XE C Ctd

is nottrue Exercise9 of 56.2



Further Applications of theMeanValueTheorem

Examples 6.2.9

a Rolle'sThm 6.2.3 canbe used to locate roots of a function

In fact RolleiThm

g f alwayshas a root betweenanytwozeros off

provided f is differentiable etc

expliciteg glx cox sax

I sin x o fa X nt fa ne Z

Rolle's Cox has a root in htt htt Ti theZ

eg of Bessel functions In is omitted

b Using MeanValueTheorem for approximate calculations

error estimates

If Approximate Job

Applying MeanValueThan to fix A on 10 1055

f 105 f 100 FCC 105 100 for some C E 100,105

Ineg6.1.10 d we've seen that fcc ate
I V05 Too IE for fame CE 100,105



10 25ps To 10
2 0

10 2510 10.25

And VOICE 11 Tos 10 E

Hence 225 to

of course the estimate can be improvedbymore careful analysis

Examples 6.2.10 Inequalities

a exalt X H X EIR and equality x o

Pf Wewill use the fact that

fix ex has derivative fix ex VXE R
and flop 1

and ex I fax o

e s I fa x O

Tobedefined and proved in 58.3

If 4 0 then ex l It X We'redone

If X O applying MVT MeanValueThan to

fix ex on TO X



we have CE co x such that

ex e e x o

ex l x

If X O applying MVT to fix ex on Tx o

we have c e x o suchthat

et ex Eco x

1 ex s x e'd x o

ex it x t X O

Finally one observes in both cases the inequality is strict

So equality x 0

b X E sax E X V X 20

Pf The inequalities are clear fax o

let x 0 Consider Gex suit on To X

Then MVT implies I CE Co x sit

six sino Cesc X o

Using IECes cel and sin0 0 we have

x e six E X as X O xx


