
 

Inversefunction

Thru6.1.8 Let I E IR be an interval

f I IR be strictly monotone and continuous

J f I and g J IR be the strictly
monotone continuous function universe to f

If f is differentiable at CEI and fi c to then g is

differentiable at d f c and

glad I Élan

Note f'd to doesn't follow from f being strictly monotone

eg f x X is strictly monotone but f o O

In this case the inverse gas X's is notdifferentiable at X 0 I

Pf Since f is differentiable at X C Caratheodory's Thu6.1.5

I 9 I IR with 9 continuous at c suchthat

I
f x Hc 9 x X C VXE I and

9 C FCC

Since flat 0 and 9 is continuous at C I 8 0 suchthat

9 x O H X ECc o Cto n I



Let U F K O HOSNI C J

Then the inverse function g satisfies f gey y Hye U

Hence y d f gays fic 4 gigs gigs C

p gey gey 919 Igi
Since gey e er to NI Hye U

wehave 4 gey 0

Hence g ly god Iggy ly
d

Since g is
continuous on J and y is contains at caged 0

Ypg is continuous at d

Thenby Carathéodorg'sThu6.1.5 g is differentiable at d fed
and g'd g

Thin6.1.9 Same notations as in thm6.1.8

let f I IR bestrictmonotone noneedto assume containity

If f is differentiable on I and fix to txt I Then the
invesefunction g is differentiable on J FLI and

g Ig



Pf f diff an I f is cartainons Then apply Then6.1.8

to all x EI A

Remark on simplified notations

Usually wewrite y fix and x gey for functions
averse to eachother Then the formula in Thur6.1.9

can bewritten as

gigs foggy by EJ

a gof x É VXE I

In this notation one often simply write

gly Is
Mithont explicitly stated that y fix eggs

eg6.1.10
a f x x5 4 3 gives a strictly increasing why and

continuous function on IR and f IR IR way

f x 5 4 47470

Therefore Thru6 If 9 5 isdifferentiable Hyer
Andfu example at x 1 g 8 gtfoD



b f OW to a givenby fix x where n 34,6

Then f is strictly increasing continuous on to O

Notethat f 6,0 To b The inverse function

g defines on to is and is strictly increasing and
continuous

Since Fx u x o t X 0 flow 0,03

g is differentiable t y o and

g stg ngntnfytgn.tt Y
The inverse is denotedby gly y't t ye to 6

Note g isnot differentiable at y 0 oneside derivative doesn't

exist Omitted Butthe argument isthe same

as in the nextexample

C n 35,7 Fix X U XE IR is strictly increasing containaus

Inverse is Gly y't t y ER
As an example b above G is differentiable tyto

and Gly th y't check



And again G is notdifferentiable at y o

Pf Suppose that G is differentiable at yo
Then consider the composite function y F G y
Since 4101 0 and Flo 0 exists

Chainrate implies Eddy FEGODGlo 0

I exits

which is a contradiction Gto doesn'texist

d Recall if r f 0 m n 11,33 then

x Xt is defined as Xt t X 20

Therefore the function R 0,0 750,0 definedby

R X X V X 20

is a composite function R fog where

gas Xt the inversediscussed inegh
and fix you X IO

ie Rix X Xt f g x AXE to W

Then Chain rule txeton

R'a F gex g x m Xt
MY
txt I

Ma x i

x r x Exzo truefor all rational r o



e suit is strictly increasing on I E E E

and maps I to 5 51,13 It

inverseexists and we denote it by

Arcsin El I I E E

ie If XGEE J y EFI I then

y sui x X Aresin Y

Notethat Drax Cox to fu XE C E E noendpts

Thu6.1.8

D ArcsuiY Fx Ix Fax
Eye t yell t

Note DAresiny doesnotexist fay I 1 Check


