
 

Ch6 Differentiation

6.1 The Derivative

Def6 lil let I E IR be an interval

f I IR a function on I

CE I

Wesay that LEIR is the derivative of f at c

if HE 0 I de o such that

fly10 L c E f x EI with O K CKOle

In this case we say that f is differentiable at c and

wewrite f'd for L

Remark If hint exists fatty f

c may be the endpoint of I if I is closed at c

then life means ÉÉ
f defines a functionwhose domain is a subsetof I



eg f ta b IR

to fix
Then f c go v10 a R givenby

fix I XE 0,0
I XE too

and

flo doesn'texist lie 1 1 is not differentiableatx0

Pf Fnc 0 then

finest ticket EEE
as x o

feel I hear c o

For Cco then

get to EERIE Ee Ee

Esc 1 1 one co

For EO then

list 1st doesn'texist

since thetwo one sided limits are notequal

HEY EE 7 141 EEE Gi



Note The same argument show that fa fix X XEIR

f is differentiable K X EIR and

f x Y V XE R

Thin6.1.2 Same notations as in Def6.1.1

If f I IR has a derivative at CEI ie differentiable at c

then f is continuous at C

Pf Fa XE I Xtc we have

f x fi c SHEIK x C

Fiosexists Askfix tick let to execs
xtc

Sc O 0

Hence liketext tic f is containous at c

Remarks Previouseg fixe in clearly shows that the converseof
Thai6.1.2 is nottrue lie containingat c differentiableatc

Infact thereexist containons but nowhere differentiable functions

willbeproved in MATH3060



Thm6.1.3 Same notations as inDef6.1.1

let f I IR g I IR be functionsthat are differentiable

at CEI Then

a If LE IR the function of is also differentiable at c and

f c d f k

b The function ftg is differentiable at c and

ft g cos fast glo
c ProductRule The function fg is differentiable at c and

fg c flagcos flogEe
d Quotient Rule If gusto then the function is

differentiable at c and

f c flag c flog c

gas

Pfs are easy just using suitable algebraicexpressions and taking
limits wejust do the Quotient Rule here as example you
should do othersby yourself



Pfof di
Thin6.1.2 unplies that g is continuous at c as g isdiff at c

Then gusto thereexists an interval J EI with

CET such that gusto TXEJ

Thm4.2.9 ofthe textbook MATH2050

q tg is well defined function on J and

V X EJ Xtc we have

Gex GC IF IF fages flogex
x C X C gasgic x C

f x fledged f c g x g c

gasgas x c

gaige It gas fees 9494

f g differentiable at C 6,441 fees

Ese 9 1 gie

lecgixt gas o

i fine81 3 814 exists andX c

g cc gaffegees fie gas



Cor6.1.4 If fi Fa are functions on an interval I to IR

that are differentiable at CEI then

a The function fit th is differentiable at c and

ft fu cc f'd t t fried
b The function fi fu is differentiable at c and

f fu cc f sc face fall tf cc face fuk
f c fly file

Pf Just by induction using Thm6.1.3

Remark Quotient rule Thur6.1.341 togetherwith b inCor6.1.4

x n x
t
t ne z t x to if no

Pf Applying b in Corb14 to the case that

f f n f differentiable

then f If ftp.jftff t t ft f

n f f

We've proved that X 1 and hence

X n x y n x
I



If n 0 then fix X 1 flat Eit 0 t c

XO E O E O X 1

Note strictlyspeaking theRHSisnotdefined at x o but we

may interpret the expression n x fan o as the
continuous extension of to the whole IR

If n m so m o then for x 0

m
by QuotientruleXu Em

xmy
myth m x'm n x fax o

ChainRule

Thou6.1.5 Carathéodory'sThm Samenotations as inDef6.1.1

f is differentiable at c

I 9 I A continuous at c suchthat

f x fie 9 x X C H X E I

In this case Gcc Fcc

Pf D If fcc exists define 9 I IR by

G x 4
t X X C XE I

f ke X C



Then f'd exists

tic Coca qui left fees o

Xtc

9 is continuous at C

And clearly fix fcc pix x c fax C

which is also true trivially at c since both sides

equal zero

If I 9 IR continuous at c suchthat

fix FCC x X C VXE I

Then fa Xtc FA ta gu gcc as X c
x c

i f c Gift exists gcc

eg fix X ta a IR

Then f x fcc X C x text e x c

G x x C

where Gox x'exec is containas at c and

910 30 f'd



Them6.1.6 ChainRule

Let I J be intervals in IR III R

g IR

f J IR with AJ EI mayjustassume f JI

CE J

If f is differentiable at c and g isdifferentiable at fees
then the composite function got is differentiable at c and

gof cc g fcc fcc

Other notations fa f Df or If whenxistheindep variable

Theformula canbewritten as got Got f or

Dlgof Dg of Df

Pf Since fcc exists Carathéodory'sThin6.1.5

I 9 J IR continuous at c such that

f x f c G x x C V X EJ

and Gcc Fcc

Denote fo d then g'd exists similarly reasoning

I 4 1 IR continuous at d such that



g y g d 4cg Cy d t ye I

and 4 d g'd

Faxes Substituting y fat d fed we have

gif x g fo 4 f x fix fees

i gof x gof c 4G XI G X X C

Hof x 94 X C EXEJ

Since f diff at c f is containers at c

Together with 4 is contains at fcc d we have

of is containers at c

Therefore Hof x 94 is containas ate as 4 iscontainsatc

i got is differentiable at c by Carathéodory's Thar

and got c 4 f 14914 4 d fcc gtd feel

gtfo fed

Note Byusing Carathéodory'sTha6.1.5 we avoided the discussion

ofwhether fax fact o as in the usual proof by

the algebraic expression

g fix gifts 9 fix 9tics fix fie
X C fee fi c X C



eg6.1.7 let f I IR is differentiable on I lie at all pointsof 1

a Chainrule also f x n fix fix
b If furtherassume fix 0 HXEI mistakeintextbook Heeded

f x Fx
foxy

DX EI

by using gey ly fay to and gg ty ty 0

C flex if fix o
Iflex Sga fix Fx fx if fix so

where sgnex I IYg
the signumfunction

Pf Consider Gex 1 1 Then g to a IR

and we've proved that g is differentiable at X to
X o

glx I x o

d Fa X 0 gix sgnex

but g't agn at x 0 because Glo doesn'texist

Therefore by chain rule

If x is differentiable at x where fix to



and Ifl x g fix fix Agnfix fix
fat fax o

f x Fx O
K

Atx where fix 0 the situation is more complicated
it if fix X then Iflex x is differentiable also at 0

i if fix X then Ifl A txt is not differentiable at Xo

See exercise 7 of 56.1 on page 171 of the textbook

Concrete example f x X 1 then fix 0 X IT

i Ifl a 1 41 is differentiable fax IT and

Fx141 If x Agh x2 zx y
ex if X at a x l

2x if K x a 1

W

Y

d Derivatives of trigonometricfunctions

let six six CA Cox for X EIR

We'll define these two functions and prove the following



later in section 8.4

Skx asX X CTX six S x

Using thesefacts quotent rule we have the formula

for derivatives of other trigonometric functions

D faux sex

D se ex seex tax
for X GHI bez

D lot x Csx

D esex ex Coty
ta x KT Kee

et fix Rani I ta x o

O fa X O

By Chain rule productrule quotientrule for x to

fix 2xsin 6s t check

But at X O we must use definition ofderivative to

find fastest 10 11g
X's

tyg xsuit 0
x o

i flex exist for all XE IR and



Fx again
Ost x O

4 0

Note However fix is discontinuous at X o

as EEE faxsuits ask doesn'texist check

I f differentiable tx f is continuous

y X

n

y e x2


