
 

MATH 2050C Lecture 18 Mar 28

Last time Sequential Criteria Divergence criteria limit theorems

ASSUME Functions are defined on A E IR CCIR is a clusterpt of A

Squeeze Sandwich Thm for functions

et g f h A IR be functions set

gcx E fCx E h ca V X C A Ct

Suppose limGao L him hoc
XTC k 2C

THEN lim FCK L
K 7C

Remarks 1 The existence of 7FCK is a conclusion

2 One only requires t to hold in some neighborhood of C

Proof Use sequential criteria

Let Xu be a sequence in A se Xu f C th GIN lim Cn C

Claims bin fun L

PI By t S xn E fun E hun HhCIN

By seqCriteria lim S Cn L lim h Cn

By SqueezeThem for seq lim fGcn L

D



Example 1 lim X o
x 0

Proof Here F A Exc Rl x of B where fix x

Take g h A R asa

1
Y fix X

Gex K2 hix x

yhCx1
k

Note that

is j g XM e x V xcco.imi a1 Bysqueeze1hm since

limx o lim x
x o x so

so lim X o
no

b

Example 2 lim sin o
x 30

Recall Enonsingle DOES Not EXIST by seq Criteria

Proof Here F A Ri fo B and fix x sin

1 1
9 Since Isink1 E 1 wehave

fix Xsink
y E sin E IX I Vxc

AYpppr.fia wow µ.my o een y
O X so x o

Y six 1 1 BySqueeze Thin

lim Xsink O
x 20

is



Prop Suppose him fix L o THEN 7 820 sit
c

f x o V X E A st o Ix Cle 8

Remark The Prop DOESNOT hold if we replace 7 by Z

eg L o Csee Example 2 above

Proof Use E S deft a

E t

Then I 8 8 E 70 S t
7

fix L Is E Iz t ocix cess 0 0

fix 3 L E Lz 20 V o six ol s S
is

Continuity of functions
Ch 5

Q what does continuity mean

f A B A f is continuous at c

fix fcc when C
E Sy f x

0

N This is
Note We NEED ce A

continuous

r 7
z C 3

A 1 3



Def E 8 def1 for continuity
n Cts

Given f A B and C E A we say that f is continuous

at c if HE o I 8 8 E o s.t

X f f x f e l c E whenever X E A IX C Is 8

Remark Compared to the def of him51 1 L we have
c

L is replaced by f C C C A

f C matters here unlike him51 1 L
x c

ex is always satisfied at X C

C may or may not be a clusterpoint of
A

For the last remark
A

Case 1 when C a cluster pt of A

f is cts at CE A lion fix fcc
x 2C

interest'S Pie you can substitute to
case evacuate the limit at C

Case 2 when C is NII a cluster pt of A

Then f is always cts at C C A

ago
why In this case I S o et

A h C S C 18 c

ee
o t is thirdly satisfied
CLab
A



Note continuity is a pointwise condition

Def'd f A R is continuous on a subset B E A

if f is continuous at EVERY CE B

In particular if D A then we say f is continuous everywhere

Examples of continuousfunctions

f X b constantfunction a fex SMX or OSX or tanX

f X X or fix X fix or TX

fCx pix polynomialfunction

Example of dis continuousfunctions

Exa Consider f IR A B defined by

f x f I II signfunction

1 if so

show that F is NII cts at X O

n D fCx
Proof Nate OG A is a cluster pt of A R 1 o

Check whether limfix fCc
X so C o

In this case 1 fix DOES Not EXIST o y

consider Xu
4 0 and SEE

him does

note fkn C 1 is divergent
x20 net

criteria exist

is



Remark For this f it is discontinuous at 0 no matter

what the value of fCo is

Example 2 The function f A D R defined by

fax a f f
if X E Q
if XEl Q

is dis continuous EVERYWHERE

Proof Key idea Densityof Q or Q in B
i

Take C E B There are 2 cases
sea s
I t

case 1 C E Q c Q

claim limfcx DOES Not EXIST
x c

Reason rational numbers Gini c fan 1 2
ItII irrational numbers ECE c fGail o o

density DONE by Seg CriteriaC I

case 2 C Q is the same

Recall Continuity of f at CEA is sensitive to the

value of f o



Example Sometimes you can make a fan cts byredefining it at apt
differs

fix f
it gc f

x if to

0 if X o only 1 if X O
at X o

n y fix
1 Y gca

7 o 7

This is cts at 0 This is NET Is at 0

But limfex o lungCx
x 70 X70

More complicated examples in the tutorial exercise


