


§ Inner product space .

Goal : Introduce an inner product over V.
to discuss Length , Kitana . wthngmdityr of vectors in V

→ more geometric applications

From now on , F = ☒ or 1C
.



Def Let ✓ vector space over F. An inner product on ✓ is a map
G. ,

. > : Vxv→ FS.t.fi?5'.Ec-V,V-cc-F .

Ii ) (*+
, J
'

> = J
'

> + <E. § >

Iii, < c,y→ > = c. < ,y→ > .

'

Liii) =sy? > Note
: For F- A

, GET > =cy→,x→> .

Civ) < ,
x-D > 0 if 17=10 .

Note : For F-G. it implies II. > c- A



EX-ampl.es :
• for I' = ( ✗ i

,

- . -

, XD ,
y→=CYi , - - ;Yn) c- F

"

We have the standard inner product 4%57 := É ✗iyi
i ⇒

When F-- Rv , if> =¥
,

Xi Yi = ☒ •J
" dot product

"

• ✓= Cliatt) be the vector spae of real-valued continuous functions on Eab ] .

For t.ge V. define sf.gs := fabftugtudt .

Cheuk : this is an inner product on V lit . liiliiii obvious .

-

iii. V-f-to.SI?=Jabf1-udt > 0 .

Since f-30 .
or some sub interval of [a. b ] .



I fÑ
• Let V= Nhxnlf) . For A, BEV . define

5A
,
B > : - tr ( B"A) = I Aij Bij

where B* is the conjugate transpose / adjoin of B.

DEBT
.

More explicitly , if
Bn .

-
. Bm

13=1
"
!

'

.

" "

) → 51=1,; : : ,nn) → p*=Ñ=(ñ! :Bn , - -
- Bnn

pin . - -

.

But

trl Bt- A) =tµ"
- -

- Ñ
'

µ ,
. . .am/=...---IAijB-ijBin . . %-) - µ

"
- - Ain

- - . - -
-

i.j=l



Cheek : this is an inner product .

• Check it - lit directly ( textbook )

• Alternatively , Notice MnxnlF) ¥ F
"

,
<A

,
B > = standard inner product on Fri

A vector space V equipped with an inner product is called an
inner product space .

• If f- = ¢ , Kpfk inner product space .

• If F- ☒ . deaf inner prod out space .



Profs Let ✓ be an inner product space . ThenV-x-tj.Ec-V.and-kc-F.ca
)

.

<
, I

'

-12=>7 = <⇒§> + < ,
É >

.

(b)
.

<
, CJ > = I.GET > .

(C)
.

(
,
> = <

,
I > = 0

.

(d)
.

( . >⇒ iff x→= .

(e)
. If 4%53=4%2--3 V-* c-V. then y→=z→



PF.ca/:tx-.y--F7-iii-syFE,x-T-i-syix--+TE.x-
4¥ ⇔,j> + .

I >

(b) .fi?cy-'Iiii--scy-'#-ii-EFx--iii-c-.(x?y-'>
.

(c)
.
1×-387=4×-38+5> <

. > +⇔ , >

So <
,
> = 0

.

(d) follow> from (c) and Civ) .

(e) . If #J> = ( , É> txt V. then <¥ , J
'

-7-3=0 b- I' c- V.
In particular . < y→- , y→-2--5=0 .

¥ g-
'

-2=3--0
. ☐



Def : Let V be an inner product space .

For I' c-V
.

We define the horn / length of I. by *F-Ei> .

Papi VEI c-V and ltctf .
we have

(a) . 11*11 = 14 . 11*11

(b) . 11×7170
,

and 1*11=0 . if * =P .

G)
. 14%531<-11×71.11541 .

(candy - Schwarz Inequality)
(d)

. 11*+541 ± ☒ 11+11541 ( Triangle Inequality ) .



×
"

If : (a)
.

11*11=54×5×5 =ñE> .

= 14.11×-11

(b)
. 11*1170 by definition , and
11*11=0 iff <

,
#7=0

. if Ñ= .

C) If I
>=P

.

then the ineq . Certainly holds _

So assume 9-4-07 .

Note that ttcef .

0 ≤ 11×75712--4%5:*-cj> =# F-cj> - c<y→,-cy→ >
= # > - c-<5353 - c<y?ñ> + c.c- <5353



In particular , setting G-

This gives ◦ ≤⇔ñ > -
_⇔?¥¥-

+

= 11*112 - '

⇒ KEI> I ≤ 11*11.11511



(d)
.
11*+5112=5*+53*+5 > ⇔

✗
= ⇔

.
I
'

> + <
,} > +553×-3-1<5,5>

.

= 11*112+2 .Re<.J > +115712

≤ 11*112+214%531 -1115712
( Cauchy - Sohwwtt)≤ 11*15+211*11 -11571+118112

= (11*11+11541)
≥

☐



§ Orthogonality

Def : Let V be an inner product space with £
,
-7

.

④
.

I
'
and y→ in V are orthogonal/perpendicular if 1×757=0 .

Iii)
.

A subsets of ✓ is orthogonal if any two distinct vectors ins
are orthogonal .

Ciii] * c-Visa unit vector if 11*11=1
.

A- subsets of ✓ is orthonormal it S is orthogonal ^

& consists entirely of unitveutws -

s



Note :
• Let 5=9 VT

,
v7
,

- -
- }

.

Then

Sis orthonormal if t.vn?vj3--8ij=S1ifi=joifi-+j
• Let JIS nonzero vector

,
then 11711>0

.

and 1¥17 c-V is a unit rotor
.

Such process is called normalization



Exatpe .
.
Let H be the space of costings empted f

"

on ↳ ra]

Lt
, g > :=¥? feign dt for f.g c-H

.

Let s -

= feint : n c-2 } CH .

Then < eine
,
ein-1 > = ÉJ? eimt.e.int de

= an-Hdt = { if m=n .

then =
"

dt = 1-

0
= fmn

if m-tn.then-E.im?-neilm-"-4
"

= 0
.

0

⇒ S is an orthonormal subset of H
.



Why is orthogonal / orthonormal set good ?

☒ : Let V be an inner product space and f- { v7, -
- -

,
VI} be an

orthogonal subset of ✓ consisting of
non - Zero vectors

.

Then
, V-y-i-spa.is ) . 5=74 ¥

.

Pff Write y→=ÉʰaiÑ for some a. - - - .ae ᵗF .1=1

Taking inner product with Vj on both sides gives
< y→, vj > = Eai <vi. vj > = ajllvjli ☐

f- I



Cort : S as above is 1in
. indep .

pf: tf ÉaiÑ=o .
thenai-TII.IT?-=o.i--iCor2-:tf. in addition to above

,
S is orthonormal

,

then V-J c- Spans
.

y→=É <5¥ > . v7
.

it

Pef A subset of V is an orthonormal basis for V

if it is a basis which is orthonormal
.



Wgn : Suppose f- { v7 . - -
-in } is an orthonormal basis for V. TEICH

Let A := [TIP .

then Aij=(TlyI , v7 > .

1¥ A -

=
-11T¥ !p

.
_

. ]Throw
1 T¥)=ÉlTvj7,Ñ > - v7

f-IT
jthcolunn Theard of Tcvjl

It

Aij ☐



Next Goal : Obtain an orthogonal / orthonormal basis .

urn urn

"

vertical cpi
'

€37
S

"

horizontal projection
"

Ñi := WT

length -4%11 .osO=lñ÷



Thenar : Let Sn={wT
,

-
-
-

,
WI} be a 1in indef subset of inner product space V.

Define Si = { v7
,

- -
-

. VT } by
VT = WT

Gram - Schmidt{ B. = hi - 9Y¥- up = YÉ¥÷,
=

"

prog;÷ñ
"

i

length
"
direction

proved . .
-

in = Fn- YTE.FI?-ii-4Fi-.F?-ii-...-ai.vn-B-vn?
.

Then Sri is or±¥ᵈ . s.t.spancsij-gpanis.gg
" ¥""



Pf We prone by induction on n
.

• For n-4.si⇒ , so the statement is trivially true .

' suppose the statement is true for A- Mt .

i.e
, Smi = {v7,

- - -

. Tmi }
is orthogonal and span ( Smi ) = span (Smi ) .

Then for VT = win - IÉYTj¥ˢ . § ,

then <vi.⇒Hwi ,ñ> - ÷ÉYT¥¥ˢ .EE?Ei=o .

⇒ Sin is orthogonal . = { 0 if j≠i
Mili if j=i



\

: tt remains to show that span ( Smi ) = span / Sm)
"

Smi u{Vm→ } S"m,u{ win}
As spanlsm-i-spansm.it
and w-i-vi-EYT.EE?-vi-c-spanSm)i--i

Similarly ,
vm→=wm→ _⑤ c- spasm

⇒

☐

• spansm.i-spa.sn- i



Ex : Consider f- PCB) equipped with the inner product Stig> = Litany#dx
Let f- { 1.x , ×? - - - } be the standard basis for PCB)
I, I, ↑-3

. . .

Wi biz W
}

• Given F- 1- .
G-S process : VT=wT=1

.

• Given Ñ=x
.

then Ñ=Ñ- 4FTÉ=ñ= ×
.

Compute Hill:S!
C.WI .Ñ> = ftxdx = 0



• Take E- ii. then E- wi-YI.it?-vT-fFF.-?i.vI .

Compute :<WINT >=idx= } .

Krill'=2
.

<WI
,

v5 >=Jixdx=o . HñÑ=id×=} .

tiene Ñ=x
• Take Ñ=X"

. ÑrÉÉ¥× '

Legendre polynomial
and so on ←A →

This produces an orthogonal basis {v71 , ñ'=x , Ñ=×:} ,
. . . } for pity



Orthogonal basis 1-3 Orthonormal basis
normalization

.

Ñ mm> ¥7T
.

Eliane : Orthogonal basis { 1 ,

X
, X
? } , - - . } for PCB)

can obtain orthonormal basis {¥
,
¥

,
×¥ - -

. }
¥iÉ÷,

"

⇒ Twin



§ Orthogonal Complement

Deff Lets be a nonempty subset of an inner product space V , g-
The orthogonal complement of S is defined as
St :-. { F c- V

; ¥>⇒ f-☒ c- S} o
" s

Elamite : - { o }
1-
= V. ✓

1-
= {o }

- f- ☒ .

f- { ET } ,
then St = Xy - plane = span { ET , ET } .



Prop : W subspace , then W n wt = { o}

Pf : Suppose F c-Wnwt
,
then <F. I > = 0 ⇔ E- 0

☐

term : Let V be an inner product space and Wav a finite- dim subspace .

Then V- FEV , there exist knife FEW and I
>
c- Wt 71T¥ wtS.t. = ⑤+

+

orthogonal projection
Furthermore , if { vi. - . -

,
VI} orthonormal basis for W¥w

then I = IF <F. v7> v7



k

Pf • Existence : Given Ftv
.

let Ñ :=¥.si?vi3v?,E:=F--w .

Check I' c- Wt
:

k

Compute Stirj> = <T.vj-J-E.lv?uT?Cvi?uJ7=0..V-j
⇒ I' c- wt

.

-

Unwise : Suppose 7- ÑeW and ÉGW ' St
.

84-7--7=8+-7

Then F-I = É - É C- Wnw -1--90 } .

Thus Ñ=Ñ and ⇒ = É
. ☐



Theorem : Suppose 5- { v7, - ' 'NT } is an orthonormal set in an n-dimension
inner product space ✓

.

Then

Cal
.

S can be extended to an orthonormal basis {vi. - - -ik
,
HI
,

-
-

-Ñi} fwv
.

(b)
. tf w= span (5) .

then S
,
= {vii. - - ;Ñ } is an orthonormal basis for wt .

d tf W is any subspace of V. then dimV=dimW+dimWᵗ-



1¥ (a) . Given f- {vi. -
-

-Ñ} orthonormal
,

then it is /in indep .

É { vi. - -
-iii. WII

,

-
- ;Wn→ } .

basis forV.
WE {v¥kEwÉ

'

.

.
- iwi} orthogonal basis

check
;
Sis orthonormal, vi. - - -

,
VI are unchanged in the process .

ME
, GUT

.

-

i.vi. VII. - -
- ,Ñ} orthonormal basis

.

(b)
.
Note : Sicwt , and S , 1in

. indep .

So it suffices to show span (G) = Wt .



Recall F=É< F. v7> • v7 fÑeV

In particular, if FEWt.lv?vi-3=0f-ori--1...-.k
⇒ F-i-q.tv?vT-v?c-spanCSD .

C)
. By chasing an orthonormal basis {v7

.

- - =ñ} for W .

And by (a) and (b)
.

We have

dimv-n-k-cn.ly = dinwtdimwt ☐


