


§ Invariant Subspace
✓

.

Def 1- c- IN) A subspace Wav is T- invariant
if TCWICW , i. e.

, TCWYc-W.tt ÑEW

Example :( 1) 1- c-LIV) .
the following subspaces of ✓ are f- invariant

• { 0 }
.

• V

r Ri) ( WERCTICV , TCÑ) c- RCT) )
• NLT) .

• Ex - NCT- ✗I] eigenspaa ( if c- Ex
.

Tcñi)=AÑ
>

c- Ex )
In fact 1- dim -1- inv

. space { c. } ⇔ Ñ
'

eigenvalue .



Ki F- LA : Ñ→ˢ
. A=f! ! ! )0 3 0

X-axis . { him,o ) : ✗HR} is F invariant
.

Z-axis { (0,1¥) : 2-c-☒ is F invariant
.

Y-axis .
{ Kyi) : yea} is-N-T.T-invaiwt.IT/H-- ( Yg) )

✗g- plane { cx.gg : ✗yet} is T- invariant (-11%1--1%1) )
(3)

.
T :B

}
- Ri rotation along taxis §XY - plane , Z-axis T- inv

.

/ ✗g-plane



Deff Tell V1 .

Given a non-Zero I' c- V.
IT . -1 . - - ◦T

the subspace W : = Span ( { THE) : KEN }) ⇒pan HE Tcii
,
-1T¥

,

-
- . } )

is called the Fcycliusubpae of ✓ generated by .

Prof W is the smithy IEEE of V containing # .

k

Pff. . For any ÑEW , suppose w→= E. ai -1¥,
⇒ TlÑ)=FÉaiT"1k ) c- W

.

Hence
,
W is T- invariant

.

• tf UCV T- inv subspace containing ,

then it contains TCI) ,
1- IT = -14×-7

,
and more generally .TK#V-k . Henie Well

.

☐



Example :(11T : PCB)→ PCE) defined by Tcfcx, 1--1-4×1 .

the cydiusnbspaegen.by ×
"

.

is

span ( { X
"

.

nx
""

,
Manx? - -

-

,
n ! -×

,
n ! }) = RIB) .

3 I 0

G) F- LA : ☒→ * .
A =\ ; f ;)

• cyclic subspace gen . by (f) is x-axis
.

(More generally , ÑEV is an eigenvector of T , T-inv.sukpaegen.by Pis spank
'} )

•

cyclic subipawgen.by ( !) is oxy - plane .



Def A vector I
>

is called generalized eigenvector of T corresponding to 7

if (1--51) ? I' =o . for some positive integer p .

Observe : CT-x-t.IT#Ix-f=o .

⇒ ✗ is eigenvalue of T

D Generalized eigen space .

kx :-5×7-V : F- ftp.x-o for some pro}

Prep : ID Kx - Ex where Ex :={ It V. f- ✗I)x→⇒}

1h
.

Ka is a Finian Ekpe -



Example.gs A-_

( § { ) 71--3 .
12=4

.

Note
. 14-5-11 . / f) =/

'

g) ; 111--54:( 91--4--54%1=1%1
\

Hence . (1) ᵗKx=3
.

In fact ,
kx⇒ = XY - plane .

> Ex⇒ = x-axis
/

KX=4 = E×=4 = Z-axis
.



Suppose 1- c- LIV) . W : F invariant subspace of V .

Restricted to W
,
obtain Tw :

W- W linear operator on W .

P⇒ : characteristic poly .

ftwltl divides file,

Pf : Choose an ordered basis F- { v7, - . -

,
v7 } for W and extend it to

an ordered basis D= { v7 - - -

, VI
,
VII. - - - it } for V .

K
e

h - k

Then
. Its = ÑÉñ=_rtBf"

(
"

¥;)
" I l n - r 01C

n-k {



Hence
, f-G) =detEÑp - i.I )

k h -k

=

detk-f-wlr.tt#n-ky0C-tiIn-a=detFwIr-tIa
) • det(C-¥¥#

= fault ) •9th
So fault divides fits .

☐



theorem : Telly ,
V finite -dim .

W-spanlf-ki3.TTBi - - }
Let War be the t-yipafen.EU .

Assume dinw = k

Then
. (a) .

{ it, This , - -

;
THE) } is a basis for W .

(b) . If G.ÑtETci3+ . _ . -19k¥ it's + -1%-5=0
.

then the characteristic polynomial of Tw c-ICW)

is
. f-Twlt) = G) klaotaitt . - tant

'_ '
+ tk) .



Pff (a) . Suppose j is the largest integers .+ .

A- {F. Tci's
.

-
. -

,
-1%7)}

=

is 1in . indep .

Such j exists because ✓ is finite dimension .

2-⇒pan (f) .

• 2- is T- invariant :

Note TJ (F) c- 2- since Pu {THE , } is 1in
. dependent by assumption

For ÑEZ
,
write w→= bov-i-b.TW .

.
. + bj.IT:'(v3

then TCÑ') = boTW-J-ib.TW's -1 - -
- + bj-1-1%2 C- Z

.

⇒ Z is T- invariant
.



• Since W is the smallest Finv
. Subspace containing v→ .

We have W a Z
.

span {ii.Tie
. Titi's}

"

But by definition . We also have Z a W-ipanfii-ki.TN, . . .}

Hence W=Z
,
and B is a basis for W .

Thus j=k .
and this proves (a) .

-



I
'

ii

Part (b) :

p . { É, -1¥ , . . .
.

,TkiÉ? } ordered basis for W .

then Flip = µ.pe#iv.pp...lTahDp)
1

I
=

µ H Happ
.

. .µi=-aÑ
- a.Tai . - - a.i%→ ,

I



0 - Go

0 -a
,=/ : : .

. .

.

: :): i
o

o 6 1 - ar- i

t.tn = detains -⇒ = *

( ¥= f- 1) b. (a.tail + . _ . thatHtt K)

(HN ) ☐



☆Theorem .( Cayley - Hamilton )
Let TEICV) with dim V=n

.

and let f-Gifts char
. poly .

Then fit =Entreaties V.
More explicitly . if ft4=AiH9t+ - . . + ant

"

then f-(T) = a.I -191--1 . .
. +an-1

"
= 0 c- LIV)



Pff We want to show fit)cv→)=o for all c- V.

Let W-T-cydicswbspaegen.by ,
dim W=k

By -1hm .

above
, tf gc-ui-f-wtu-tykcaota.tt . - - tak.it#tt)

then get) - (F) = 0 .

Recall gc-u-f-p.lt ) divides fit '=fTK )
⇒ fee , = 91+1-91-4

Thus , TST) (F) = 9-1-11 '9cT)¥
= 0

. ☐



Corollary : Let A- c- Mnxnlf) and ft be its char . pay .

Then TSA )=0 the Zero matrix
.

• Application of Cayley - Hamilton : HERA dutt
↓

1) Inverse matrix : fat -_ C- 1) "than#""
+

.
_ . +ailtao

Cayley-Hamilton ⇒ C- 1)
"

- A
"

+ an.iAm+ . . . +a. A + dei-A.IN = 0 .

⇒ A-
'
=
- det-A.fi/tn--ian-iAM--..+aiIn)



n particular . if It is 2×2 matrix ( Ebd)
then A- ' = - def-A.CA - tht - 1) = defy -11 if)

2) nth power of matrix ; e.g . A= (; %) fxtu-ti-s.to -2

Cayley -Hamilton ⇒ 1-2=511-+2 .I

F- 5A'-12A = 27A -1101
. .

.


