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§ Matrix representations of linear transformations .

17¥ : An ordered basis for a finite dim .

Vector space ✓
is a basis for V with a specific order

e.g .

{ e.
,

la} ± { ez , 4 } as ordered basis
.

U vector space .
B={uT, - - - ,un→} ordered basis for V.D¥

Then Kiev , 7- unique a , ,
- - -

, GEF

St
. ✗→ = É aint

i= ,

The coordinate vector of I relative to P .

denoted Trip :=µtF"
'



Def Let T: V→W linear transformation .

dim V=n D= { vi. - - . v5 } o . b. for V.
dim W=m F- EWT , - - -

,
Ñm } 0

. b. for W .

For each 1EjEn , 7- aijc-F.kic-m.se .

Tlvj)=Éaijw? .

f- I

Define Matrix representation of T in the ardent basis Pandy :
[Ttp = A := ( Aig ) Kian ,

C- Mmm
Kien

- In particular , if V=W and f- 8 ,

write [TIP := IT]p? .



More explicitly .
Tikka "wit . . .+amwm→ (⇒ [Tcu , )]y=%÷

,
)

• • ⑨

Tcvn ) -_ an wit - - tamnwm ⇒ [ Tandy =/
An Giz - - Gin / /

it]i=A=(" " ÷,÷=EY
" - " '"¥1mI ÷aam

am

IwÑ



Exay :

• For the left multiplication . LA : f-
"

→ Fm with matrix A- c-Mmxn (F) .

We have [ LA] ! = A in the standee Pamer of F. FM, rap .

I
[Eff -- µ↳ Dr

,

. .
. wñ=µr .

_ . [AH) = A .

1 I
first ad . of A .

What of A



• For T: RCRH→ PmlB) defined by Tcfa)) = ftp.

Using the standard order bases f- {1.x, -
- :X

"

} and F- {1.x ; -

; ✗
""}

Note that IT 1) = 0 . 17×5-1,17×3=2×, - - - ,TcxY=MX
"

.

⇒ * i '

yr
. .⇐i¥=| ! ! ! ! :?)
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• T : Msm → Man linear
.

A w> Attak
.

it
' it

' 5
' I

'

Let f- { C'ooo)
,
I :b)

.
408)

,

l : :B o.b.tn/kxetH
.

Terry : :) .co, :) .co.il : :B
Then # e-

-

fringe . . % ! ! )
*

.



F. ✓→ W linear transformation . f.and ✗ are ordered basis for V.Wrap.TIM:

Then for any TGV :

[Tg= ftp.t.itpv-T
> Ww→p¥ Let F- II. G- I ⇒ '"

F-[
VITTIthen TCF)=ÉcjTvj→ )

j= ,

= .FI g- Em, aijwi
'

Ñp¥itTt_T¥mIÑr
= .É¥EEñ

☐

j " word of Hidy



§
. Composition of linear transformations and matrix multiplication .

theorems Let V. W
,

Z be vector spaces . and F. V→W .

and U:W→Z
linear transf .

(it . Then the composition UT : ✓→ 2- is linear
.

Iii ) . Lf V. W. Z have ordered bases ✗
. B , r resp .

Then

[ UT]! = [ Uff . [ T] !

V-tsw-zti.ir'"¥.¥¥÷¥¥ "



Mili ) : V-I.jc-V.cc/--:UTlx-ky7--UlTCx7+TijD=UTcx7+uTiyJUTCcx-3--Ulc-
his )=cUTcñ3

.

(ii. Suppose A-{vi. . . -

,

v5}
. f- {wii - iwi} , F- {Ii - ;zp→ }

Let It]Ñ=A=(air) ,ftp.mCFJ.t-UCwrt-Eainz?fork-k--mi--iKKEn
IT]f=B=lbuj ) c- Mmxncf) E) Tcvj

'

)==ÉbrjWn→ fort.gi-nk-k.is
lfjem .



Then UTC = U CIE big- wit )
m

=-3 big- UWI)
f- I

= If
,
big. ( II. air )

= ( Imf
,
big- air) Zi .

dip
"

entry of AB .

⇒ [utatfutyiislr - - - kafir) - AB -Nim ! ±



Example : Consider T : 12413 → Pm defined by Tcfcxi) :=ftx) .

and U : Pn)→PncB) defined by Ucfcxs) :-# ftbdt .

In the standard basis B. ✓ of Pucks and Pm# resp ,
we have ftp.k-f?t:?..Jfnf-st.x.---ix

"}
,

; O
' -

f- {1.x , - - - ,x
"'}00b¥

wit :& :
→ i

° ° ""
☒

µ×n-y=tn×Yo-1+0×-1 - " + tix"UH)=✗ Unit :X
'



Calculus ⇒ I -_ TU : Prick) → PmlB)

Check : ITU]g- ftp.EUJP

=L : : : :)

(¥ :
check my

= In



§ Invutibility and Isomorphism

Def Let -1: V→ W linear transformation .

We say T is invertible if it is bijection .

⇔ 7- T? W→ ✓ s.t.TT
"⇒W and TTT = Iv

.

Prof The inverse T
"

: w→ ✓ is linear
.

Pf : Given %ÑᵗW, a-F. Assume THE)=Yi→ ⇒ Text-1×71=1,717 . Taxi}=cyi→

then TTY-it-i-i.TTY-i-iy-ij-x-i-xi.T.io/-iKcxT ⇒ linear
☐



Example :

- Let A- c- Man (f) be invertible
.

Then the left Mutt . by A .

LA : f-
"

→ F
"

.

I'→ AE
is invertible and its inverse is given by Lat

.

• Lf T :
✓→ W

.
and U :W→Z are invertible

then UT : ✓→ Z is also invertible

and (UT)-1=-1%-1



PIP : Suppose T : ✓→ W is invertible
.

Then dim Vas ⇒ dim Was
.

-

and in this case
. dim-V-d.mn

'

Pf : Suppose dim V=n< +0
,

and A- { XT , -
- -

,
XI } is a basis for V.

Then W=RcT)= span (TCB)) , so dim-W-n-didc.us
Applying the same argument to I!W→ V. shows that dimwits
implies dimdimwf -10 .

Note : rank-nullity thm ⇒ dimMT) + dim RCT )=dimV

Ying Il sung
'

.

dimw



PIP : Let ✓ and W be finite - dim vector spaces with ordered bases
P and Y , resp .

Let T: ✓→ W linear .

Then T is invertible iff IT]Ñ is invertible

Furthermore
, IT

_ ' If = ftp.t)
"

pf⇔ ) : suppose T is invertible
.
then dimV=dinW=n .

Since TT
-

'
= Iw .

t.TT
"

]
,
-_ftp.E-i#sWT--'sV-Tsw--IIwr--In-



Similarly , 1-
"

F- Iv
.

⇒In-t-ijf.FI#Heue-TIpis invertible matrix and ([Ttp )
"
= -1T¥

.

⇔ : Conversely , Suppose [Ttp is invertible

since dimV=dimW
, we only need to shine that Tis injective .

Suppose T# = Text] .

then t.TN?Ij--ETcxiHr
⇒ IT]pr[ÉIp = [ftp.t.x?3p

⇒ Exit
p
= [✗ip ⇒ XP =Ñ . it



Def : Vector spaces V and W are isomorphic

if 7- invertible linear transformation T : ✓→W
-

In this case
,
T is called an isomorphism from ✓ to W

.



This Let V and W be finite- dim vector spaces .

Then V is IIM to W ifdimV-dimw.pt: ⇔) : Lf T : ✓→ W is invertible
,

then dim V=dimW Crank- nullity)

(⇐ ) : suppose dim V=dimW=n
.

Let f- { v7, -
-

-it }
,
f-{ viii. -

,
WI } basis for ✓ and W .

Then 7- linear T: ✓→ NS.t.TV?)--wT-ori--l , - - ^

,
n

.

1- is clearly invertible ☐



Corollary : Let V be a vector space wer F .
Then ✓ is isomorphic to F"

.

iff dimv = n
.

Def Let P be an ordered basis for an n- dim vector space ✓ orwf .

Then ∅p : V→ F
"

is an isomorphism ,
T→

p

called the
"

standard representation of V with respect to P !


