


§ Linear Liu) dependence .

Deff V vector space our F. A subset Sell is said to be

linearly dependent if 7- distinct UT, -
- -

.
Ties

and hotheadalars a
, ,

- - .

,
an C- f- Ho} S.t.

A.UP -1 - . . + anti =P
.

Otherwise
, it is said to be linearly independent .

RIK : • The empty set 10 CV
.

is linearly independent (convention)
• If Fes ,

then S is linearly dependent . ( a.8=8 )
• zf S={ñ} and ñ=o→

.

then S is linearly independent .

( aÑ=o→ . If a&o, aYa?u→= a- =P)
.1.



Eq-uivaleutdef-initim-s.luS is linear independent .

14
.
Each * c- Spats ) can be expressed in a knife way as a
linear combination of vectors of S .

(3)
. If quit - . .+anun→=F for Ñ, - - ÑES and ai . - sane F
then we must have a ,

= -
-

.

=an=o
.

I

Pf Is straightforward ;
4)⇔ (3) : def ; ② ⇒ (3) : take I

>=P
.

(3) ⇒(2) : If I
>
= AUT -1 . . - tanks = bit>+ i. tbmvm

⇒ = qñi?
.
.
- taunt - b. v7 - - - - bmVm→

.

☐



Example : For k=o
,

- -

; n .
let fklx)=H×+ . -

. -171k
.

Then S :={Tom
,

- - - Anna} - Pal F) is a linearly indep . subset .

Pf : 0=9.0%1×1-1 - - itanfnlx)
= Aot + a , ( Iti) + . - . + And -1×-1 - . . -1×7
= Chota,-1 . . - tan) 1- Cat - " +an)Xt - - . + an X

"

.

"

o

"

o
"

o

⇒ {④
9-1 ' '

' -14=0

④ ;
- tan =0 .

⇒ Go = -
-

. =an=O
,

I Ékn=o
n_ A



P-E-im.it : Let S be a linearly indep subset of V .

Let v→ c- V15
.

Then Su Sri } is linearly dependent
iff .

it
'

c- Span (5) .

pf⇐ ) : Suppose Susie} is linearly dependent .

Then , a
,

i.
+ anun→=o

.

for some UT , - . .

,
ñn c- Sufis and a , ,

-
- - an c- Fifo}

Since S is 1in . indep , one of uj→ 's . say UT , is F .

Henie v-t-ai-a.TK- - - - anñn) c- span (5) .



(E) ; Lf Ñc- Span , then we can write E- bit't . . .+bmÑ

for some V7
,

- - -

-Thi c-S and K
.

- - -

,
but F.

⇒ 0=-+bÑ+ . . _ + bmvm→ is a non-trivial linear relation

so Sulu } is linearly dependent . a



Proposition 2 : Lets be a linearly dependent subset of V.
-

Then 7- I' c- S
.

St
. SpanB) = span ( S-{})_

Pf : Shin . dep ⇒ =b,v i-bn.vn?
.

vi. - - . .vn?c-S,bii--.bm-tT { o}

⇒

v-Y-bicb.is?---.-bmTm)Fww'tspanS,hT--ai-?---.-auVn-
urn

= -Abi 'lbÑ+ - " tbmvm-J-a.it?---.-anVn---SpanlS-#D
⇒ span = span IS

- { ii } ) ☐



§ Basis

Deff A basis for a vector space V is a subset fav .
St

.

• P is linearlyindep . span¥
• p spay V

.

Prop : Let V be a vector space and P=9uT , - .
.

.
UT } all a subset

.

(Alt - Definition P is a basis for riff tutor , 7- ! an -
- -

in '-F
There exist uniqueSt

.

J
'
= quit . _ . tanun

.



Example .

• { e-i
,

- .
.

.
et} is a basis for F

"

.

Called the
"

standard basis
.

"

• { 1.x
,

- - -

,
X
"} is a standard basis for PncF)

.

{ T.CH -1 , fix)=H✗ , - . .

, Tna) =/+✗+ . . . + xn} is also a basis

{ 1.x , ni, . . . } is a basis for PCF)

j!
• { Eij : 1-≤ i≤m

, t≤j≤n} .
where Eij =f . . ¥ .). *

is a basis for Mmxnl F)



•

¥1 v.S.li#dep .

us
. ba

↑
"

big enough
"

"

small enough
"

suppose S is a finite spanning set for V.É :

Then 7- pas which is a basis for V.

( so a finite spanning set can be reduced to a basis )



Pf : If S is linearly indep .
then we can take f-S

.

≈
:S ,

Otherwise
, by an earlier result

,

7- TIES H
. SpanishÑ } ) = span (5)

If s ,
:=Ss{ v7} is linearly indep , then take B-- Si

Otherwise
,

7- VIES 5:L. spans, if spans ,) .

Repeat this process . . .

S- S- { ui }→5- { ii.Ñ}→ . _ _

Sine S is assumed to befinite ,
same span .

We will arrive at a fixed subset sic
.

5. t . span ( Sk ) = span (5) = V
⇒ p = Sk is a basis

.

☐



TÉ%ʰ;nm ,
Let ← Vbeatinealyirdep .

subset consisting of mveitns
Let G-CV be aspanniysetn consisting of n vectors

.

Then
.

- m ≤ n . ( 11in .

iud
.

set / ≤ / spanning set / )
• 7- He G- Consisting of exactly 1h-m) Vectors

.

St
. LUH spans V. ( Alternatively , replace GIH by L)

( Alinindep set can be extended to a spanning set)
↑

✓ .µµñ%÷=?ñ .

" .im } linindepii.
~

= M G- = {hi '
' .MY "

replace
"

G- 11-1 by L .

spanning
set



G-
v

Idea :

F) by induction on Mao : .?⃝i replacement.For M⇒ . 6=01
. Simply take H=G

.

A
Tv = GUT>+ . . . -14¥

. Span ( G- Hu ,} v14})
= spanG- .

Suppose the statement is true form > u , need to prove form-11 .

Let G- { vi. - -v} 1in
. indep subset of V. of sizem-±

Let L' = { v7
,

- .
-

, v5 } C L 1in indep of size m .

By the induction hypothesis . We have men .
and 7- H '={Ñ

,

- - ith-m} 4-
S.t. L

'

v H
'
= { Fi

,

- - Yin, Ñ
'

,
- . . ñnim } sprang V.



Hence
,

7- 9
,

- -
-

, am ,
bi
,

- - -

,

bn-mc-FS.t.V-m-y-avit-i-amv-mt-k.in?0---.tbn--nUn-Tn
.

Put G- {vii. . .fm?i
, } is 1in . indep ,

so n -m ≥ / ⇔ n ≥m -11

and one of bk 's , Taybt is nonzero
.

⇒ the span {v7 . - - im ,Ñm?⃝ .tt?.-..U-n-m }
Hence

,
if we take H:={ñ

,
. . -

,
Umm }

,
then but spans V.

This completes the induction argument ☐
.



§ Dimension
.

Theorem
:
Let V be a vector space having a finite basis

.

-

Then every basis of ✓ contains the same # of vectors .

Pf : Let P and 8 be two basis for V .

P spans V . V 1in . indep
⇒ ≤ I PI by Ñpaent Thin .

Similarly . ten V , B linindepn
⇒ IN ≤ IN

µ = IN .

Hence
, ☐



Def
• A vector space ✓ is called finite-dimensional if it has
a finite basis

.

The dimension of V, denoted as dim (b) ,
is the # of vectors in a basis for V.

• A vector space that is not finite - dimensional is called infinite-dimensional .

Theorem 'basis " " l spanning set / as☆ "¥"11in
indep.FM*kn 11in . dep , spanning set />n

•
%

reduce to a basis .

extend to a basis



More precisely . Suppose V is an n -dimensional vector space .

• Any finite spanning set has 7h Vectors ,
and a spanning set with exactingly is a basis

.

•

Any 1in . indep set has ← n vectors
.

-
- - -

-
-
- -

-
-
- - exaggerates is a basis

.

• Every spanning set Gf size >n ) can be reduced to a basis .

-
- 1in indep -

-
-

-
- <n -

-
- extend to a basis

.



Pff Let P be ab-a.is ; L lining : G- Innings .

• View P 1in irdep . Replacement -1hm ⇒ n= 1ft ≤ 1Gt
-

- -
-

spanning
- - -

- - . t.LK If / =n

• Suppose # G- > n ⇒ 1in dependent
⇒ can reduce G- to a basis

.

• Suppose # G- =n .
If it's lira

⇒ can further reduce to a basis of site< n .

Contradiction !
Hence

,
G- must be 1in

. indep .

⇒ G- is a basis
.



basis , thus span .

• Suppose 14 __man ↓

By the Replacement -1hm ,
can find Hop of size In - m)

S.t. WH Stans V.

/ Lvt / = A- dim V. ⇒ Lu H is a basis
.

• Suppose 14-_n .

Replacement -1hm
⇒ can find H of size n -n -0 .

i.e.
, H=∅

.

Sit
. but =L Spans V. ⇒ ↳ is a basis

.
☐



txaple :
Pnc F) has a basis { 1.x , - - -

,
×
" }

dim = n-11

{too)=1 , fix -_ HX
,

- . .

.
fncxj-y-x-i.tn " }

is 1in indef of site nt1=dimPncF-
⇒ it is a basis

.



Theorem:
Let U be a finite-dimensional vector space .

Then any subspace Wav is finite dim and dim (W ) ≤ dimly
.

Moreover , if dimw = dim V . Then W=V
.

-

Pf Let n=dimlV) . If Who } , obvious
.

Otherwise
,
W contains a non Vector ñi , so Sui } is 1in

. indep .

If span {ñi ] =W ,
then GUT } is a basis of W .

Otherwise
,

Choose UT c-WI span {u, } ⇒ ftp.u-i } is 1in
. indep .

If spansñi ,ñ } = W .
then fut , ñi } is a basis of W .

Otherwise
. . . repeat this process and obtain larger and larger Linindefctafw .



Eventually will terminate and obtain A- {ñi . . - iii. } that spans W .

Then P is a basis of W and

dim W=k<_n=dimV
.

Since P is 1in indep in V.

• If dimW=n , then f- GUT, - - -

,
hi } is 1in

. indep inV_
and Ifl =n= dim V

⇒ f is a basis of V .

So W -

- span cp) = V. A


