


Recall : inner product space V.si >

orthonormal basis P

⑧Goal : Study nmapnsbetweeninnerpwduutspae .

( V. c. 7. f) I> ( W.c. >w,r)



§ Adjoint of a linear operator

Theorems:( Representation of Linharfuntiads)
Let V be a finite-dim_ inner product space F

peg:
Then for any linear transformation J : ✓→ F linear functional
there exists unique Y-i-V.se . 91×7=853 field



pf.is Let f- { v7
,

-
-

;
v5 } be an orthonormal basis for V.

• knife : got
'

)=< ii.I >
⇒ g-

'

= Fizsg:*>v-i-n-zgcv-i.tv?.i--
I

• Let y→= Égo.IM?i--i
then for E- v5 . sñjy→> = É < vi. 9T¥,⇒ = gcvjjit

By linearity of g and < . if> , gixi-cx-ijzv-x.eu .

☐



④harem
.

.

Let V be finding inner product space , and let T be a

linear operator on V
.

Then there exits a unique linear operator
1-
*

:
→ V.se .

< Thing> = 6×-31-1577 V-x-ijc.tl

17¥ 1-
*
is called the adjoint of T .

Pf : Given any Jc
- V

.

then the map gy→ : V→ F
I→ <Thing>

is linear sine T is linear and 6-
. 53 is linear .



By the previous representation theorem , there exists unique Ji c- V.
st

. <T☒j¥%i¥ , ye >=
: -1155

This uniquely defines a map T* : V
→ V by -1*4-3=5

'

• To see that # is linear
,

let Ji
,
Yi c-V and c c-F. The.

V-x-t-VCI.IE#-IiD--sThi3.y?+yi3=sTcx-y.y-3-sTcx-3.y?)
= < * TEI's > + sñ, Fyi:D

Similarly , prone Haji =¥¥gjTyi> A



think :

(1) LI , -1153> < 7153 ,⇒ <j . T:* ,> - 6-1*4-3 . §>

(2) More generally , if T : V→W
,
can define THW→ V

I'm>This . y→ us -1*1g)
sit

.

<This ,y→> w = < I. TEJ's>✓
.

(3) . Adjoint may not exist for •- dim vector space .



Recall : A c- Mnxnlf)
.

then A
't
:= AT conjugality/adjoint

PIp;_ Let V be a finite- dim inner product space , and let P be an

orthonormal basis for V. Then KT c- IN)
,

we have [7)
p
= IT]p*E conjugate transpose of matrix .

adjoint ¥-1

1¥ Let A-ftp.B-ITJp ,
and f- { viii. v5}

.

Then

Bij-STEY-3.VE?--LVj.TcvID=sTcvii.vjT--Aji-
☐



Adjoint . T :V→v . It's d- c- Mnxncfl
mrs T*

: ✓→ v. IT"]p=A
"
→ A*=Ñ

s.t.LT#).y-3--sx-;TIjDPorthwmdh*fAx-y?y-s=npT.(A*y-y
Plop :

Equivalently ,
same properties for matrices

'

ca> IT -14 )*=T*+U* Ca) ( A- +B)
* =A*+B*

(b) CT )*=iT*.VceF (b) ( c.A)* = E. At lfcef
cc ) ( TU)*=U*T* (C) (AB )

't
= B*A$

(d) 1-** = -1 (d) A
# =A

e) I* = I (e) ( In)*= In



Pfofla) :
LI

'

.HU#f3=6lTtu)x-'.J3V-xTJc-V--LTcxJ,y-7-CUcxJ.J3--CnF.T*cy
, > +⇐ ,U¥y→ , >

=Cx→
, +U*)ly→) > .

Hence
,

(T+U1*=T*+u*

pfofldl.LI . -1*9-37=511×-5,53
=cx→,Tcy→ , >

Hence T*=T
.

☐



Prop : Suppose Tetch has an eigenvalue 1 .

then 1-
* has an eigenvalue 7-

.
.

(Equivalently , Suppose A- c- Mnxncf) has an eigenvalue 7 , )
then A

't
has an eigenvalue I .

Note : the eigenvectors of 1- and 1-
*
w.r.tt and I may be different .

First-look : Let Tut)=Av→ for some v70 .

Then f- * c- V. 0=(1-51) Ñ . >

=sñ
,
(7×1)*1×-3>

= CÑ
, (-1*-51)*17



Hence Ñ't RCTI II )

so RCTEIIJT-V.ie
,
-1*-11 is not onto
and hence not one - to - one

⇒ NITEII) contains at least one nonzero vector
,

which is an eigenvector of T* associated with 5
.

Second proof : A has eigenvalue 1 (⇒ A- II is singular
fofthe-maixvurs.in) ⇒ det CA - 7-4=0

⇒ det (1*-5--1)=0
(⇒ I is an eigenvalue of A*



§ Normal operator .

Def V inner product space .
Tekin

1- is normal if -17=-1*-1

Example /Definition .

• T is unitary (
when F-6) or orthogonal ( when F-BY if

-17=-1*-1 = I
.

• Tis self-adjoint / Hermitian if T*=T

• Tis anti - self-adjoint / skew- Hermitian if 1-
*
= -T

.



Corresponding definition for matrices :

• A is normal if A*A=AA*
.

- AEMn×n④ : A unitary if A*A=AA*=I
Hermitian if A*=A ; skew- Hermitian A*= - A

• At Mn×nHR) : A orthogonal if ATA __AAT=I

HEAT ) symmetric if AEA ; star-symmetric HE-A



Recall : T c-LW) is called diagonali table if 7- basis of eigenvectors
When ✓ is an innerspace , T c- IN) is

"

diagonalizable
"

if 7- orthosis of eigenvectors .

Main Theorem : Suppose V is a finite-dimensional computer inner product space (F- 14

Then T is normal ⇒ T is "

diagonalizabk
"

lie
,
7- an orthonormal basis for V consisting of eigenvectors of T .



12m¥ . Egg is essential because char
. pdy needs split .

WhenE .
not all normal operators are

"

diag
"

.

T.LA = Pti→RI
.

A : faso -

singSino CDO

T*=LA* A* = ( Coo s.no)-Sino cop

⇒ TT
't
= -1*-1 = I

T n±l but

notdiag.TW
infinitelyV. 7- Counterexample to the Theorem IP 372

,

Ex 3 ]



Proof of Main Theorem is divided into 3 Steps .

Stop 1 :

"

⇐
"

if part

step 2 : suppose TEICV) .
V fin- dim complex inner product space

7- Orthonormal basis P St
. IT]p is upper triangular .

Here
,

"

normal
"

is not needed
,
but F-e is essential )

step 3 : T normal + IT]p upper triangular
⇒ 1-Ttp is diagonal



Step 1 : pf of ⇐
.

Suppose p is an orthonormal basis for V of eigenvectors of T .

then IT]p is digged , and IT'Tp = IT]p* is also diagonal .

Sine diagonal matrices commute
,
we have

LTT 'T p = IT]p.lt/Tp---LT'TpETp---T*TIp
Hence TT

't
= -1*-1

☐



Step 2 :

⑧Theorem (Schur) Let Tedi V1 where V is finite- dim inner product space .

Assume farther that ohanpdyfttlsplitsm
Then 7- an orthonormal basis B for VS.t.IT]p isuppertriangnkr

Pf : Induction on F- dim LV)
.

• A- 1
.
trivial

• Assume true for n-1 , to show true for n .



Since char poly files splits .
T has an eigenvalue thus also eigenvector

By the earlier pnp , 1-
* also has an eigenvector .

JwtAssume -1*12=5--45 for some É knit eigenvector
set W = Span#3) , let Wt be the orthogonal complement . •→É

W

• Wt is T - invariant .

pf: Letywtshou 7153 c- Wt
Note <Tags , É> = < y→, THED= LJ . AÉ> =o .



• In addition .
dim Wt= n-1

.

Twt : Wt→ wt

• char poly . of Twt divides char
. poly of -1

⇒ twits splits .

Induction hypothesis implies that 7- orthonormal basis ✓ for Wt
Sit

. [Twigg is upper triangular .

Let p:=Vu{É} :
orthonormal basis for V.



induction hypothesis

⇒

r-i-iy.fi;)
.

Upper triangular ! Since wtistinv
.

☐



Step 3 : T normal
, P orthonormal basis . 47ps upper triangular=

⇒ IT]p diagonal .

Theorem :
Let TEIIV) be normal

.

Then we have
:

cat
. 1117%11=1171×711 Kiev

(b)
.

T- CI is normal ltcef
c) If -1*1=75 , then -1*1×-7=55'

(d)
. If TCX-il-KXT.TT/i-- taxi and 71=172

then xT and XI are orthogonal .



Hf: (a)
.

1117×1111=417×-3,71×9 >
=L -1*-11×7 , I >
=L -11-+1×-7

, I>
=L -11×7,1-1×77
= 111-1×7112

.

(b)
.

Check (1--4)*(-1-51)=(1--51) .LT- it)*

Exercise
: use f-CI)*=T*- II. and TT*= -1*-1

.

(c)
. (-1-71)^5=0 .

By part (b)
.
T- XI is normal

.



By part (a) . 0=114--54×41--11 (1--51)*1×-511

11*-511*11
Hence (-1+-51)*-0

⇐> T*x→= I
.

(d)
.

< Tai's .⇒ = < knit
,
XT > = 2<53×5>

=L xT, -17%-3>
"¥" < XT

,
I⇒ = hat , Xi>

Since 7,1=72
.
GTi

,
Xi > =D

.

☐



Pf of Step 3 : suppose B = { vi. vi. .
- Ji } orthonormal basis

[TIP = upper triangular .

Tcñi

Note that TI is an eigenvector of T .

Suppose that Ti . -
-

i. VTÉ , are eigenvectors , we prove TÉ is also an eigenvector .
( Then by induction , all vectors in P are eigenvectors )



Let A := -117ps upper triangular .

IT = Divi F Kick-1 ( ⇒ THE)=ñ
TCVIT-A-ikvT-A.ru?--..-AkkVI.

To ?

For kie-k-i.to?Aik=cTcvi3.Ji7--srti,T+cvTD--
<vi. Evi

'

>
= 0 .

Hence THE)= AKKVI
'

⇒ TE is an eigenvector .

⇒ IT ]p is diagonal ☐



§ Analogous result in feat case .

Let Telly .
where V is a Ieaf . finite-dimensional

Then
: T self adjoint ⇒ T

"

diagonal#able
"

(-1--7)

RIK : In matrix vertim
.

T self-adjoint F-☒
.

E) IT]p Symmetric matrix



Pf of ⇐ : Assume there is an orthonormal basis B of eigenvectors .
then [TIP is a diagonal matrix with ten entries .

⇒ ITMp = IT]p*=[T]p .

⇒ TET
☐

To prove ⇒ ,
need splitting char

. poly ( in order to apply Schur -1hm)

L T self-adjoint operator on fin- dim inner product space V .
Then

F- 6 or A.
(a) . All eigenvalues of T are real

.

(b)
.

Characteristic polynomial f-T-kssplits.mn



Proof : (a) Suppose TC-xj-xx-fwx.to
.

Then THE )=Ix→ since T is normal .

Hence 7x→= -11×-7--17×7=55' .

⇒ 7=5 :
✗ is real

.

(b)
. Suppose dimV=n . A orthonormal basis for V. IT]p=A
Consider LA :Q"→①"

.

LA is self-adjoint .



By Fundamental Thin of algebra , f-↳ (e) splits Corer 6) into

factor of the form (-1-71) . -
- t - in) , where Xi 's are eigenvalues .

By (a) . all eigenvalues are real .

⇒ f-↳ its also splits over ☒ .

As ft-4 = ftp.lt ) ,
it also splits

☐



Pf of Main -1hm (self-adjoint ⇒
"

diagonal izabk
"

for F- Rt )
=

(stop 2 :/ The above lemma implies %) splits our B
.

By Schur 's Theorem 7- an orthonormal basis B for V
s.t.

'

Elp = :Ay=¥uppwtriangularlsimkjjgfj.MY#=y-jp)*=-LT*Jp--LTIp=A .

⇒ A is real symmetric ,
but also upper triangular,

⇒ A is diagonal ☐


