
 

Lagrange Multipliers

A method for finding extrema under constraints

egl In previous example of finding globalmaximin of
fixy Xt242 3 fa Ry's l one need to

find in step2 the maximin values of
f on the boundary Xy 1

In otherwords finding global max min

of f x y X'try X 3

under constraint Gox y x 5 1

Another typical example

egz Find the point on the parabola Kay
closest to 1,2

ie Find global minimum of equitantto but

fax g ex 1 Cy 25 gifting
underconstraint

g x y X ay 0

Remark In bothexamples constraints are expressed as level set
g c ta sameconstant c



Thm Lagrange Multipliers

let
y
f g r IR be c functions r CR open

I S g c x er gtx c be a levelsetof g

suppose
y

a es is a local extremum of f restrictedto s
lie undertheconstraint g c

I 8gal to
Then

y
If a Rtg ta forsome RER

glaze
where R is called a Lagrange Multiplier

Reduction to unconstrainedproblem By LagrangeMultiplier

Findingextrema of fix withconstraint get c

Findingextremaof FCI d FIX X gets c

without constraint

butmore variables adding d as a newvariable

Idea Fix N F x Xu d is ntl variables
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eg2 cont'd minimize fix yl x 1 try a Iggy
under constraint guy x ay o

Solve Consider

Fix Y N fix y Algixy o

x 134cg25 111 2441

y
0 81 21 1 2x I

0 35 2 Cy 2 41 12

I O 3E x2 44 131



I 2,1 2 y

put in 111 21 1 2 y X 0

y

put in 3 X E O x 2

Hence y I

i 2,1 is the only critial

f has a minimum at 2,1 E970

with value f 2 1 2 1 1 2
2

2

egz Maximize fixyi xy on the ellipse 444434

Solve
I fix yl xy
I g x y x44y z z

I

Fix y d fixy Ngay 4

Xyz A
2
442 4

10 35 y ax

1
o 3 zxy Say

0 É 1 44924



By simple calculation we have

x y I 2 O n IE IE

1 301,130 E E E 53

E E 15 E
comparing values of f at these 6 critical points

f I2,01 0

f E I E E 3 34 max

1 E E E 3 E min

Fa fix y on glx.gl 4 the

global max value at G IE

global man value at E IE



eglicaital Using Lagrangemultiplier find global maximin of
fix y x'try xt 3 on x'y 1

Step2 oftheoriginal globalmaxmin problem as key 1
Solve Let fix y x'try Xt s

g x y x y 1

F X Y N Ray x 3 111 442 1

1
0 BE 2X I 2N

1
0 E 4 y any

0 ZE 1 4y 1

Simple calculation

x y Il O C E I E

Comparing values

f f t I E 4 max on xis I

f 1 0 3 win on Ry 1

f f 1 o 5

I global max off on Ry I at ft If
global min of f on XY 1 3 at 1 0



Classification of Quadratic constraints

2 variables gex.yt AXHZBxy C.ly tDxtEytF
ConicSection

Typicalexamples for levelcurve guys c

i I I a b o Ellipse circle if a b

b It
a a closed bounded

b

Cii Y Y I a b o Hyperbola

J G unbounded

a É
Xy C Cto is also a hyperbola

y
Keef ol



Lii's y ax ato parabola

only quadraticterm
y ax

unbounded
as o

Civ Degenerate Cases a o b o

It O a point 10,0

It Y 1 emptyset

apairof
Y Y O 8 1

intersectinglines

xy o
a pairof ifc o
parallelline

C IF a double line if o

empty set if Cso

Fact By a changeofcoordinates any quadraticconstraint

gaffe can be transformed to one of the

fam above



Hence level setsof quadraticconstraints are ellipse
hyperbola parabola degenerated cases

eg 17
2
izxy Sy't16 Ex 8559 0

v x

22
I

where
y
u

2X Y
F T1

I v e Xt zy
F

Remark Ellipse is closedandbounded Any continuous foxy
restricted to an ellipse has global max min

Not the case for hyperbola parabola



Quadratic Constraint for 3 variables

g XY Z AXEBY C'ZF2PXYt2QYZt2RzX
DX EY TE t G

Same typical examples of g const

eye Y It I

b

y
Ellipsoid a

Y


