
 

Matrixform for 2ndorderTaylor Polynomial

Ref Let fr IR be C RER open

Then the Hessianmatrix of f at der is

Hf a
El d fxix.la

o

fax la fx id

Remarks a Afca is an symmetric byClairautsthm

2 In Textbook Hessian off det Atla

So we emphasize our definition is a

matrix More common in advancedlevelmath

eg fix y at 10,0

Hf10,0 Fxx10,01 5910,01

8 10,0 tyggo
fry fax

x y fxx10,01 fxy
10,0174

Fx10,0 tyg10,01 y

ns.ig i itm.ae.mtoatata



2ndorderTaylorpolynomialof f at a inmatrix form

Pelt fast Efta F Alt E E E'sAfia Ea

Where Tf al regarded as rowvecta Ttx las fatal

E a regarded as column recta Y an

E IT is the transpose Tx a xn an
row recta

lg gixg fly Find Paixy at 11,0 usingmatrixform

Soh 94,07 0

Fg Ex 7 Ext y EY

Hg I x'cry xinyi

xd y EY
TgCl Ol Il O

Hg IT
Paixy ghost 794,0 y Ex i 9 Hg11,0 y
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X1 X 1 Ix Dy Check

Application to local maximin

If fisc and a is a critical point off

Then Ffa J
HE Pelt flasttfia II a FAJHfia E E

fta t FAJHfia Fa

i If CFatitfla F a co t I heard

then fix fia tx heard

I is a local max

If CFatitfla F a 0 HE heard

then fix fia tx heard

a is a local min

So we need to study when is asymmatrix It satisfies

THE o t nectar 8

and THE co toectatto



Hence we make the following

Def let It be a symmetric nan matrix

Then It is said to be

a positivedefinite if ITHE o

fa all column recta F EIRYES
12 negativedefinite if ITHI c o

fa all column recta F EIR YES
3 indefinite if I columnrectus I JeIRYo's

suchthat ITAI so and gTHE co

Remark Theseare not all possibilities I sym matrix

which is not positivedefinite negative definite

na indefinite

Then thediscussion above implies

Than Second DerivativeTest

let f r IR beC RER open

a er suchthat Ff ta 0

Then
positivedefinite a is a local min

Afia is negativedefinite a is a local max

indefinite a is a saddlepoint



Remark A critical point which is neither local max nor

local med is called a saddle point

In particular fu 2 variable T HT is of the fam

guy Ex971g E Y ax'tzbxytcy

If 41 Tx931 Effy x 442 0 t Y ERYO

i o is positive definite

21 Tx93ft 4 y
X 442 0 t Y ERYO

I is negative definite

131 Tx9 If 4 Y x 49

If Y To Txy f Effy 1 0

If Y 19 ix y 6 14 470

I I is indefinite



41 Tx931 8 y X 20 HEYJER'RE

But to 15681191 0 not positive definite

In fact If is not positivedefinite negativedefinite

na indefinite

51 Tx931 Effy x44xy 592

Waxy aye ya
completing

1
square

x zysty
O F LYJERRIES

z I 5 positive definite

Geometrically locally nearthecritical point

111 Itflat positivedefinite 2 Aflat negativedefinite

log max

balmier
saddle

joint

3 HfCal is indefinite



Thm let H GE
Then

µ
positivedefinite dettt ac b o e a o

negativedefinite detit ac 570 a co

indefinite dett ac b's o

Pf Usis completingsquare
Ifato ex y

g
b

y ax'abxytcy

a x bay t lacgb ly

lil deth ac b OF

ex
9319 1 y has the same sign as a

The 1st z statements are proved

2 deth ac 5 0 2 termshave different sign

TI ET is indefinite

If 9 0 ix
931g E y zbxytcykzbxtf.ly

flatE tyg fax E y

2 terms of different sign It indefinite

Also a 0 detH ac b 5 0



egl guy sexy Tx
959 f Y

a o deft 1 indefinite

completing square q x y text y tix y i

92 q xy1 17 212 4 85 Ex y It f y
1770 det 17 f 1 6 100 0 positive definite

completingsq fix97 17 x Ey If y

Then fu 2 variable the 2ndderivativetest is

Thar Second DerivativeTest fa z variables

let f r IR beC RER open

I cab er suchthat Ff la b 0

Then

111 Fxxtyg Fx O fxxso at lab ab is a local min

121 Fxxtyg Fx O fxxco at lab ab is a local max

131 fxxtyy Fx O at lab ab is a saddlepoint

4 fxxfgy fly to at ca b inconclusive



Remark fxxtyy txt detAf fu 2 variables

some eggshave already been presented in tutorials

If I fix47 35 10Xy 342 2 29 3

Find and classify critical points off
Sohn If polyomial always C

Ff GX log 2 10 64 2

Ht1.90

Critical point Eff 6 104 2 0

10 64 2 0

Get cx.gs

tlfxxfyyfxy 6 6 1 105 64 0

It s is a saddle point by2ndderivativetest

Noneed to use fxx 6 0



692 fix y 3 43 392
Find and classify critical points off

Solve Cfpdynonial always C

Ff 3 3 2
35 oxy

Hf
Fox

by

by ox

Critical point 8 75 13
3 2
35 0

oxy so

91 x y 10,11 a 11,0
14 criticalpoints

critical Hf Axfantis
f classification

detHf

10,1 85 3650 Noneed Saddlepoint

1051 88 36 0 Noneed Saddlepoint

1110 If 3650 6 0 local max

40 I go 36 0 6 0 local nm



93 Inconclusive from 2nd derivative test

fix y Nyt gex y x y heyy x2y4

Catoo localmin saddle local max

Ff Tax 4y3 Jg Ex 4433 79 24 493

5510,0 8910,07 7910,07 8

Hf I Eye Hg I Ig Hh Iffy
At the critical point 10,0

AfroO I 81 11910,01 Halo O Eto

dethf10,0 detHg10,0 detHalo07 0

i 2nd derivativetest is inconclusive

Higher dimension example

eg fix y Z xytyztzx
has definite sign for oxy 10,90

Answer No



Sohn
q xy x y zexty

let u XI WE then

9 42 02 242

42 242 22 o z

Utz U z

MI
xtytzzi x y z

Ontheplane xty 127 0 ie E

Then q q x y XE along the plane

x y Atys
for x 4,3 10,00

O and on theplane

Along the line 1 158 É

9 81 4,0 xx 101 o o 430 fax 0

xoxo ontheline

Together 0,01 is a saddle point



Second DerivativeTestfor general n
Recall f is c by Clairaunt's mixedderivativeThu

Af'd fix n
is symmetric

Theoryof linearAlgebra Hf is diagonizable
it I orthogonal nan matrix P ie PTP Id sit

DTHflagp f In
where di it n are eigenvalues ofHfids

positivedefinite all di o
Afia is negativedefinite all dis o

indefinite Some di o saved so tall to

Anotherway to check is consider determinants of submatrix

Fa each is ks n

considersubmatrix the givenby i

Iiithe upperleft kxk entries fax fax fax



Then

Afia is positivedefinite dettta so they in

Afia is negativedefinite defHk c o kodd
O K even

egs i no Xxx try has He

tyx Say Ha EY I
deth fxx
det He fxtyy fi

sameresultas before

Diagonal matrix Yin He Edin
dethn Xian


