
weekSamma :

Goal; Studyreaty subspae n
1R
"

,

I] : VERnBreitorsubspaeif

@ Vff

② txyov .Xeya ( closedunderaddition)

③ VXEV . ER, axalCdoed
underscalu ]multipliretion

V= EI 造 ]cR'l axtby 4cz :} wheeaib
cresome gcha
Ral uumbey

checking : ① Vt f Sma OGU

③ ⼨ ],
]
← v ,

th @[] ←v sme
alxtx) uxtby + ca( )

+ b yty
" + c.②tzy歲tbytczy

← 0
.

③ f ] ←v
.
2G1R

,

ha

a (2x) t } iay)t CLXt) → α (axtby + cE) ← 2 . 0 - 0

#



道 CMort mmpatnt constrnofitn)

Grivas hu. .Um} E (RM
,

vetah

Vt span(s ) - -3 Ʃxi I xiERY3 a subspadf1R

cheeks , EV → Vtd

② if XGV . YG

i
x - Ʃxnfo sohe aiE 1R

y - 套aiu .for sone otherXiER

therty - 过aita Ju : Ʃ Biui
ㄢ 丐

wherefi =tita GIR

:

. xtyal

③ FXGV, 2

AR,
⇒
X :haiuifor sam

α iQCR

ther ax -Ʃaxiu ) :
=

层Piu Gv .

Ʃ

⼀

nsubspae
@ OE VI ⑥ XEV ⇒ -xoV?



Non- example (fer befter idea)

—七 aipel Hy + ztw- 1 } : O 4U

⑥ V =了 xel x= Yzw }

∵ [ i]arPtI 信 Jtv . lothag
" Oεv )

@ V ={] ↑ xty = 4 ⼼以
… @ 0

是 Scaler uultipliiator
.3 cCorol

Rutnotdosedunderaddition

[ 宫 ]
,
]v ,

I
] ev .e fust some

randonchek .

@ v - 了 : xyzw - o }
, OGV . scaloamullipliiatm iscdored

] ,[ ] a

and[ ⽉ = ] + [: ] ev -

Relatu to matrixmultipl2aon :

gira amar
matie A =[

箭

.
箭

]



where LijElR,wewrite A ∞

A =I
袋

.

IIlll - iuiun …u1
whae ui sa mxl column weotor forelnest1Rm );

gm xt1pn慌了 ,

⼀

Ax - [ u . luz 1 … l µn ] [[] ,

cweffot加

u ↓ G
- Ʃ xiuitlpM
t spen (

u
,
…

, Un )
出

witeSpar Iu .
,

.
,he) asCEA) - column spae ofA .

LetHle mxnmatrix ,

她 }
- IyoiR" 1

onmitnetonaioimt
巡

ahemtknshiyot Ale

wmtnaniomgunmohix. ,

Then CCAG ) - CCAH )fH CCG ) -CCH )
.

pf : ⑤) fCCAG) - CCAH )

Ut
YE CCG ) , IxGIRK sit

.
GX - Y Elpm

⇒ AGX AY E CCAG ) - CCAH )
,



∴雪 XELRk at Ay - AHX

⇒ Y-AIAy- AH (AHX) - HX

⇒ YECCH )

:
;
CCG) E CCH )

.

Interchangng G and H ⇒ CCH) ECCG )
A

C) F CCCa
)'

Ut YECCAH) ,
IXER

"

st
.

AHX - Y

∵ HXGCCH ) CG)(

∴
雪 * ERksit.HX - G*

∴ YHAGXE CCAG ) , ⇒ CCAH) E CCAG )

Intercharging G
, H ⇒ CCAG) E CCAH )

A -

Geometurmeaningofsp

…
… … →— —V

u
—7→。 →̂√

) … …
…

—v - sam of
Veotr

.



⑤

→ 。
→zmiv .

^
u亚

V - U

→√

,
tu→

㉑
Generally ⾼

凸
iAayreater WEiRmidesparcoiu}

,

V β v

du→
…-

-
a

、
譬⼼u^

ev
x
aa* βv →

β v
W an+βv .

Rdatmto

stiGire
mn mmtix A,aem. wetr
bR

solungAx= b p eqivalutto find x . ,
…

.

Xu E1R

st [ulu …( ][[ ] - b ←[]
断

n
R
0 IR

“ ≈ . Ʃ xiui - bEp"
π

AAd so tB equrdeattoaskf b GC (t) ,

,

Ioneanndependence : aimttfindthe minimal
"

generatus
"

~… Ccadedbasis
)



S - 3 u .

,

,
Un} ERh
i

3nealynelepp .

f thee areno
wontroual x[ + ] εlR "sit

Ʃ xiui =ou ( And equnaluty ,)☆
[≈ (

Null (A) - 0

to detemine eken indep .asNof make ute of LSCA .

0 )
.

z : st{], 1 . 演 ],I '
}?linnymep .

canale CA10

)→[
…

0:IPRER
∴ NnA) []}
i "If 王 λ i ait , Ʃaivr 40

,

thereach
可

Ai mast be 0
.

ie then an Nowmtnrnd o.to(
Smitrenly , If n RRER of ], thereare some

free column.thaNulIA )} and hena

s - lneenly depiendert .



God :Given SERM
,

fond the nmiriind" subset 5 ≤ s

sit .spanlslspanis .

横

-s - iuiumiiun }

,5
=

Ivi …, Vk] E 1Rm it .

①For eachiFli 2

.

n

,UiE spenCST

② Foreadj = l

.
2

.

…

k
, Vj E spanls ) ,

tha spantst - spaals )

AlR

然 By ①

, 王j
stui = ⾶ xjlj ,freaki ,

ut yo spaa$ ) . 王 xi s

.tR

y⼀蛋 xiui → 蛋 α i λ ijvj )

⼀⾶蛋xj( )vjRtspalsi
: spanlstE spals5 .

Intenchangny
s

and5 above. ⇒ spanlst ≤ span
(s)

#
⼀

mietsIm . , u 2 . iu }

E1 pMbe alineanlb

ndegpeadertsubot . Ther 5=SoLuylmenly



dependentff taspants)

P然 E) : v - Ʃaiuin forsomeXiE1 R

可

whee some ait o herise v 0
.

i 王 non -trivial IDi
}
is s .t -

員Tuit antilN-o , i lineadependent .

⑤) : 雪]sit. ⾶Drlit anar = o

sit , some ⼩ i to ,

iA Iut 0 . thom 星 λ iui = 0

⇒ λ 三 0 → G

∴ an +
.to ⇒ V = ⼀蛋 Ui .Gspanls ) .

⼀…snnt zao snbepaa
( ie

.

V # 20 } )
A subset S Iu . ivi ,

i

,
Un} D said to

be a bassfor V t ① S i3 lmearmdep
.

conrenteif V = ho
?
,banpt
—

② V - spans ,



连 : (RMEIRM
.

then s 3 e , . ,
en)whee

er = [ ]← ithrow- …
B a basn for 1 Rm

.

u- [i]交连: ^ sthuussabanm[⻔

ㄩ fr (22
.

2

. 5 - suhw) alsosparipv- [ ]

Any Iy ] E 1Ron be axprosed 的

xutyr← spanls ) =
1R

" X - t( J ut ly - t ) Vt tw ,

whee t ε 1R
.

~

E spantst = 1R
2

. freodom (toomudtor.)1

區 :LetVle subspace iof 1pm
,
s { v. ,

,
Un} EV .

ther -bassforf V FHxEV ,aIaik sit

x = Ʃ aivi
Ʃ

luniqhe caeff . )

然 ② ) : Ifx ⼀蛋α+Vr = Pivi



tha 0 -- ② α i - β i( ) vi

π

⇒ ai = Bi tiel . 2

,

n

bybneandep .
M

() : ① spanls) - V

②
s
islomcrly ndyp ,sma

OGV
.

雪 ! xiER s. t .Ʃarvi =o
別

. 0 - Ʃ 0 . w µ

"

.

⇒ ai = 0 Vi = 1 , 2
.

…

n #
-

T型 Juppoe VEIR
"

D a subspaewith
st basp fr

V
,
thenNumber of elemealsim S ≤ n .

pHIet St hu .
,

.

,un } ≤lRnle a borp
.

Thea snlmealy ndep .

If m>n ,thr[ u .ha . Um 10] n wu

Clnealy ndep)
equivalent to IA 10] with o fra column

sA = Imwhith s mpossible .

Rmk : a subspaa V anhare mnethan one Aet of basijill



區 Exntence of bass)

Give a subspaa V ELRh
,
then Vhas abas3 s

wpth no . of edemert, as
,
≤n .

Pftakeu .ov. , S . - { u }

. If Vt span i
done,

otherwises U .Ev spanlu .] .

⇒{ u . , Ua } is lmenlyndependentsinceotherus

U2 Espan {u .) →0 -

* If V - spans . ,

done ,

. otheruise雪
ut
0 t vispans ).

⇒ Ss lu .uzius islmearlyndependent .

(
Indndivelysttstops

atthem- thatep.and
simd )En

obtan Sm tu.Uz ,
, Uu3whee

V - spanS) :☆

區 ( pf to be done later)

Any toobaspfr asubspau VERR Gas same

humbers of elemewts
.

"

enunbers calleddmv)悲



Gofindingbasnfor nullspace of A .

Examp::

A ⼀ [ 位證] fndNull
IxG1

R

31Axo3
(a solve Ax -0 )

→AA = RREF → [ : :⾯
: Nu * - ( : taR} - spm {

美「] [
,
]]

⼀

⑦ A - [ji 台] fnd NallA ) = {XRZT Ax= 0}

A → A ← [ 呂 ] -RREFI
∴ nunt ←1 [ ] :tG

- span {[ 壹
],[

]

}

Recathe number ofpioot cwlumnTM RREP - rank (A)
.

亚 bt to mxn matiy ,AibetheBPEFot

A

象e
supposerank( A ) n

.Label thepivot columsofAlaydi , di , … ,
dr

Label thefreecolumlyofAlas fi, fzi ,fur.
.

Foreachheli 2 ii5 and kel .
2
,

, hir
,

denote snk the( da . fa) - thntry * Aif [ : e
“



ForcachG=l ,
2

,
… ih

- r
, l dc = ] f . = B )d2= 2 fr = 4

defme Uk - veotorin IR
"

whosefu -thentyz
. fj - th euy ← ofjtc

. du -th enty - Sn . k

Then hu , ua ,
,

5

abaisfor Nulila ?
.r}

step上 AU 1 c = o st, UK ENud (A )

step2 ; 3 a
,

,

=

lmearmdepmv了

step2 : Null(A 1 -span { u , … iUwr}
,

sma I nvertibeH s.t
,Step : Aue - 0 Ʃ Auk= 0 (

HA= A ,

)
Nte : Uke thel -th aty of lc

1 1

- suns oftedeiktse' ftefuoF l= fj , jtk .

A = [ ]□[ : I以]□
A

'

Uk - mxI matrit



侶AleiuntulJexFrl=1.2
.

-m
,

⇌ ⼰ Aii tAifri
icde
火 ≤⼼≤(

- 忌
”

Aeda . tAlifesnk)

case 王 :if l =defersome heh 1
,

2

,
…ir

⼀tha
⼀

- Siik t A '

difa
- Shikt Shie - 0 .

cae 2 : if lt deforary h ε l
…

…
ir

3

thn Aeda - 0 becaue

the der -thcolumnof
4

'B pivot .

, A
'ficifko by defaof free oluwn

.

3冠 Aedk.tAlefrtsuc) - 0
A

:
:

A
'

Ueto frall R = 1 .

2

…
,

5
.



stp⼆ : { u .
,
unr }plneaymele, , smm :

If 雪 xi st. ⾶
r

aidi
to fos a vertam 1RM )

consider the fj -th nty … [: ]](z 1
⼀蛋“( )

州

t

⾶aiuifj2 j o
tj = 12 .… M

-r
A

.

step 三 :span { u .

um } - Nulllt ) , E :doe)

Ct x E 1Rn sit. AX
- 0 ,

A

'X 0CXENIIA ))

A 'xC)0tlel2im
,

0 -

- 侶 Aeixi
→ 忌 Aedn

忌

AifaX 从a

- seduxa ttitetr
h= (

:

; if we fix e= du , her

0 - Xdwi t ⾶
A'

dnita. Xfe



- Xdne t 忌
r

Sik ' Xfc
.

!for any G= l
.
2

.

,

r
, hehaae

Xdu -
忌 nr snk Xfk.

Sina 忌xtau( et 忌 "xfcuke

of l = dn , ⾶Xta suk Xdn
.

- xe
.

if l= fa
,
- ⾶taUkta .

- Xfx t 4e ,

: …… *团


