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Abstract

In this course, the development of the spatially homogeneous theory to the Boltz-
mann equation will be briefly introduced, especially for the well-posedness result of
the Cauchy problem in the space of probability measure. On the other side, the
numerical simulation about the homogeneous Boltzmann equation, mainly the de-
terministic Spectral Method will also be presented; furthermore, some corresponding

stability /error analysis frameworks will be discussed in a suitable manner.

1 Personal Statement

The lecture note is based on the MATH-6042 course delivered by the author in the
Term 2, 2021-2022 at CUHK. The main prerequisites are a reasonable acquaintance with
functional analysis, i.e., elementary topology, Fourier transform, and so forth. Prelim-
inary knowledge about the Boltzmann equation is literally preferred, though the brief
introduction will be provided at the beginning.

Due to the current limitation of the author, most likely, there are still at places in-
adequacies, inconsistency of notations, inadvertently omitted references... Therefore, the
lecture note will be constantly updated and frequently uploaded on the website of the
author, and hopefully continue to cover up the most recent results of this topic with time
evolution.

Any correction and comment will be very welcomed from the readers for further im-
provement of the lecture note.

2 Teaching Arrangement

So far, a rough arrangement of the 13 lectures is provided as following, where some
adjustments might happen according to the actual progress:
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3 From Particle System to Kinetic Equation

As widely acknowledged, the microscopic regime is modeled by the many-particle sys-
tem, ranging from physics, bio-mechanics, economy, material sciences, traffic modeling to
other areas. The idea simply comes from the elementary Newton’s mechanics: in a system
of large number of particles, the particles essentially interact with its counterparts around
it.

In the macroscopic scales, where the gas and fluid are regarded as a continuum, their
motion is described by the macroscopic quantities such as macroscopic mass density, bulk
velocity, temperature, pressure, heat flux, and so forth. The Euler and Navior-Stokes
equations, compressible or incompressible, are the most well-known governing equations

proposed so far in the fluid dynamics.

M —=0
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Figure 1: Multiscale Hierarchyﬂ

The goal of this section is to derive the kinetic model, i.e., the Boltzmann equation,
from the corresponding many-particle system. Proposed by L. Boltzmann in 1872, the
Boltzmann equation is one of the fundamental and representative governing equations in
kinetic theory, which describes the non-equilibrium dynamics of a gas or system comprised

of a large number of particles.

3.1 Heuristic Derivation

Let the total mass be normalized to unity. Consider a binary (two-particle, say, particle
1 and particle 2) collision, with one particle having values of velocities in a range dv; and
another with values of velocities in a range dvs. In a collision, these acquire values of
velocities in the ranges dvy and dvs, respectively.

Let (v}, v}) be the velocities after a collision with respect to the pre-collisional velocities

(v1,v2). By the conservation of momentum and energy:

vit vy =0y +0h,  |oil? o+ fuaf? = [up P+ oy (3.1)

IN: number of particles, k: mean free path, u: viscosity, M: Mach number.



one can derive that
/

v = — [(v1 —ve2) rwlw, vy =vy+ [(v1 — v2) - w]w, (3.2)

where w is the impact direction (the unit vector connecting the centers of particle 1 and
particle 2). Note from Eq. (3.2)) that

vy —v] = (ve —v1) — 2[(ve — 1) - W] w, (3.3)

i.e., the relative velocity undergoes a specular reflection at the impact direction.

! /
Vg — Uy

Figure 2: Velocity and impact direction during an elastic collision.

Now the total number of collisions per unit time per unit volume is taken to be

{Number of particles/unit volume} x {Probabilty of them suffering a collision} (3.4)

P<1)(t,£E1,U)1d’U1 P

where P(l)(t, x1,v1) is the one-particle probability density function, i.e.,
P(l)(t,xl,vl) ::/ P(t,z1,v1, ..., zN,vN) doe dvs... dazy doy (3.5)
(R3xR3)N—1

giving the probability of finding one fixed particle (particle 1) in an infinitesimal volume
dxidv; centered at the point (x1,v1) of the phase space, where z; € R3 is the position
and v; € R3 is the particle velocity.

And one takes the probability p of suffering a collision proportional to

{Number of particles/unit volumn} x {dv] x dvj}. (3.6)

P (t,zv1)dv
Thus, the

Total number of collisions
(Unit volume)(Unit time)

= B(v}, vh; vy, v2) PO (t, 21, 01, T2, v2)dvydvgdvdvl,  (3.7)



where B(vy,vh;v1,v2) is derived from the analytical mechanics by solving the collision
problem assuming a given inter-molecular force. Moreover, the symmetry for B(v], vh;v1,v2)
is achieved via the “Principle of detailed balancing” which asserts that

B(’Ui,’U/Q;Ul,Ug) :B(UlaUQ;U;J}/Z)' (38)

This is formally discussed in some physics references. Suffice it to say the following: in
the equilibrium, the number of collisions (vy,v2) — (v}, v4) is equal to the number of
collisions (—v}, —vh) — (—v1, —vy). This follows from the symmetry of the equations of
classical mechanics under time reversal, and is adopted in non-equilibrium setting as well.

Thus, under such a mapping we expect to get
B(Ullavé;vh’l&) :B(_Ula_’U?;_Ulla_vé)' (39)
and then the stated result.

Remark 3.1. This symmetric property is also assumed based on the micro-reversible of
collisions, which can be understood in a purely deterministic way: microscopic dynamics
are time-reversible; or in a probabilistic way: the probability that velocities (v}, v) are
changed into (vi,v2) in a collision process, is the same as the probability that (vi,vs) are

changed into (v}, v})

Intuitively speaking, the movement of particles can be divided into the following two
scenario cases:
e In the absence of collisions and external forces, P(!) would remain unchanged along

the trajectory of particle 1. That is, P(!) satisfies

opPm

ot Ve, PO =0 (3.10)

e With the collisions, one would expect

opPW

o 40, -V, PV =Q= G — L (3.11)
“gain” “loss”

where L dz dvy dt denotes the probability of finding particles with position between x
and z1 + dz; and velocity between v; and v; + dv; that disappear from these ranges of
values due to a collision in the time interval between t and t 4 dt.

L is often called the loss term, indicating that every such collision transfers it out
of a particular range dvy: for binary collisions, given dv, the total number of collisions
(v1,v2) — (v, v5) with all possible values of vq, v}, v5 occurring in the volume dz; during
the time interval dt is

Ldxidvidt = dz1doy dt/ B(vy,vh;v1, UQ)P(z) (t,21,v1, T2, v2) dv] dvyduy (3.12)
R3xXR3 xR3

Similarly, G is often called the gain term of the collision operator, and Gdx,dv,dt gives

the analogous probability of finding particles entering the same range dzidv; in the same



time interval dt, or brings into the range dv; molecules which originally has values outside
that range: given vy, these are collisions (v}, v5) — (v1,v2) with all possible vq, v], v},
and

Gdzydvidt = dzydovy dt/ B(vy, vo; v}, vh) PP (t, 21,0}, 29, vh) dv} dvly dvs (3.13)
R3 xR3 xR3

Hence, by Eq. (3.8]) the collision operator () can be written in general case:

Q= B(vy,va;v7,v5) [P(2)(t,x1,vi,x2,v’2) - P(Z)(t,$1,vl,$2,vg):| dvf dvj dwg
R3 xR3 xR3
(3.14)

For a monatomic gas, we write

oyt ! ! !
B(vy,va;v1,v5) dvy dvg

= B(|v; — va|,w)dw (3.15)

v1 — 02
which is called the differential collision cross section, containing the é-functions

Y o Y e 1 e |v2|2>
2

5("01 +’U/27’l)1 7'02) 5( (316)
that expresses the conservation of momentum and energy. Assume these have been re-

moved, then the B(|v; — v2|,w)dw becomes scattering cross section, such that

Q= / B(|v1 — va,w) [P(2)(t,x1,vi,x2,v’2) - P(2)(t,x1,v1,x2,v2)} dwdvy.  (3.17)
R3

3.2 Formal Derivation of Hard-Sphere Model

Usually, the cross section B(]Jv; — vg|,w) cannot be explicitly calculated, except for
some special cases, now we are about to take the hard-sphere model as an example to
derive the more usual form of the Boltzmann equation.

For the hard-sphere model, to count these probability of “gain” and “loss” effects, we
imagine particle 1 as a sphere at rest and endowed with twice the actual radius r and
other particles being the point masses with velocity vo — vy. Fixing the particle 1, it will
be to found in the cylinder of height |(vy — v1) - w|dt and base area dS = (2r)2dw (where
dw is the area of the surface element of the unit sphere of w). Then,

ldxldvldt:dxldvl/ / P(2)(t,$1,’01,$1+27’w,1}2)
R3 J§2

, (3.18)
X |(U2 — ’Ul) . w|dt (27’) dw d’l)g
_

Cylinder of height Base area

where [ indicates the contribution of another fixed particle, say particle 2, and P is the
two-particle probability density function of particle 1 and 2, and S? is the hemi-sphere
corresponding to (v —v1) - w < 0.

Since there are another N — 1 identical particles, if assuming that there are in total

of N particles and multiple collisions are disregarded, that will collide with particle 1.



Therefore,
L=(N- 1)(2r)2/ / PO (t,x1,v1, 21 + 2rw, v9)|(va — v1) - w| dw dvy (3.19)
R3 J§2

similarly, for G, what we are look for particles that have velocities (v, v2) after collision,
and hence we have to integrate over the hemi-sphere S2 corresponding to (vy —v1)-w > 0
(the particles are moving away one from the other after the collision) to obtain:

G=(N- 1)(27“)2/ PO (t, 21,01, 21 + 2rw, v2)|(va — v1) - w| dw dov,. (3.20)
re Js2

We could thus write the right-hand side of Eq. (3.11]) as a single expression:

G—L=(N-1)(2r)? /3 ) PO (t, 21,01, 21 + 2rw, v2)|(vy — v1) - w|dwdvy.  (3.21)
R3 J§
where S? is the entire unit sphere.

So far, the derivation of Eq. has been formal and can be justified with full rigor.
Although, Eq. is correct, it turns out more convenient to keep the gain and loss
terms separated and make further simplification. To achieve this, we need the following
to crucial assumptions:

e (i) Boltzmann-Grad Limit: Assume Nr? is finite, as N — oo, — 0.

o (ii) Molecular Chaos: Assume P2(t,x1,v1,20,v2) = PM (¢, 21,v1) PN (t, 29, vs) for

two particles that are about to collide.

Remark 3.2. (i) The Boltzmann-Grad Limit Assumption actually implies that the gases
are sufficiently dilute, but not too much, so that only binary interactions play a significant
role, and a typical particle collides about once in a unit time.

To understand the idea, let us say that we have a box whose volume is L® = 1m?> at
room temperature and atmospheric pressure. Then N ~ 1020 and 2r ~ 10~%cm. Then
(N —1)(2r)? = N(2r)? = 10*em? = 1m? = L? is a sizable quantity, while we can neglect
the difference between x1 and x1 + 2rw. This means that the Eq. to be written
can be rigorously valid only in the so-called Boltzmann-Grad Limit, with Nv? is finite, as
N — oo, — 0, i.e.,

N(2r)® << L*, N(2r)*=0(L? (3.22)

where 1 can be regarded as the typical range of microscopic interaction, and L is the typical
macroscopic length scale.

(ii) The Molecular Chaos Assumption actually implies that the velocities of two parti-
cles which are about to collide are uncorrelated. Since the volume occupied by the particles
is about N(2r)® ~ 10~%cm3, the collisions between two pre-selected particles is a rather
rare event. Or, roughly speaking, this means that if we randomly pick up two particles at
position x, which have not collided yet, then the joint distribution of their velocities will

be given by a tensor product (in velocity space) of f with itself.



Note that this assumption also implies an asymmetry between past and future: indeed,
in general if the pre-collisional velocities are uncorrelated, then post-collisional velocities

have to be correlated.

Then, L becomes

L :N(Qr)Q/ PO (t, 21,01, 21,02)|(va — v1) - w| dw dovy
R Js?
- (3.23)

:N(2r)2/ / PO (t, 21, 01) PO (L, 21, 09)| (02 — v1) - w] dw dog,
R3 JS2

where we used the Assumption (i) in the first equality and Assumption (ii) in the second
equality.

Then, we insert the G the information that the P(®) is continuous at a collision, i.e.,
for i = 1,5 = 2, we integrate with respect to the positions and velocities of the remaining
N — 2 particles,

P® (t,z1,v1, T2, v2) = P(z)(t,xl,vl — [(v1 — v2) - wWjw, T2, v2 + [(v1 — v2) - wW]w) (3.24)

! !
U1 Vg

because the transformation v{,v5 maps the hemi-sphere S3 onto S2; if |z1 — xa| = 2r
where we write g1 2 = v1 —v2 and w = —w 2.

Only in this way, for G, we have,
G =(N - 1)(27")2/ / P(Q)(t,fm,vl,xl + 2rw, va)|(ve — v1) - w| dw dug
R3 Js2
N [ POt ) PO kb (00— ) ] dodes (3.25)
R3 J52

:N(2r)2/ / PO (t, 21, 0)) PO (t, 21, 05)| (v — v1) - w| dw dog,
®s Js2

where the first equality is because P is continuous at a collision, the second equality is
obtained for the same reason as above for L (since (v2—v1)-w > 0 implies (vh—v})-w < 0),
and the third one is simple change of variable w — —w.

Putting together G and L, we have,

opr)
5 +v1~V$1P(1):N(2r2)/ / |(vg —v1) - w
t R3 JS2

(3.26)
X [P(l)(t,xl"Ull)P(l)(t,I'l,Ué) 7P(l)(taxlavl)P(l)(t7x17v2):| dw dw,.

In the following note, we will mainly consider the one-particle number probability
distribution function f, i.e., f(t,z,v) = NPM(t,z1,v1), by changing z; — z,v; —>
v, Vg — Uy, w — —w, then the Boltzmann equation for hard-sphere model reads:

O +v-Vof = (2r) / 3 /S =) el - ] dwdu, (327)



where f', fi, f, f« are short-hand notations for f'(¢,z,v), f'(¢t, z,v.), f(t,2,v"), f(¢, z,v)).
It is often convenient to integrate w over the whole unit sphere rather than hemi-sphere

by inserting a 1/2 factor, which yields,

8tf—|—v-V1.f:2r2/RS/SZ (0 —v.) - | [f'f — f1.] dwdus. (3.28)

3.3 Formal Derivation of Liouville Equation (BBGKY Hierarchy)

In this subsection, we give a formal derivation of the Boltzmann equation starting
from the Liouville equation. The rigorous was an open and challenging problem for a long
time. In 1973, O. Lanford showed that, although for a very short time, the Boltzmann

equation can be derived from the mechanical systems.

3.3.1 Liouville Equation

Under the dynamics: we denote the x; by x;, v; by v;, and F; by F; for convenience,

mi}i(t) :Fi
(3.29)
Sbi(t) =V;
with the initial date given.

i

Here “the point at x; with velocity v;” means “the point between x; and z; + dx; with

velocity between v; and v; + dv;”. And the trajectory is
T; =x;(t
K3 . l( ) (3.30)
V; =X (t)
Let PMN)(t, 21, v1,...,2n5,vy) be the N-particle (empirical) probability density func-
tion,

P(N) (t,ﬂ?l,’Ul, ...,.TN,’UN) :(5($1 — xl(t))5($2 — l‘g(t))é(.TN — JZN(t))

. . . (3.31)
. (5(’[}1 — l’l(t))é(’l)g - mg(t))...é(vN — Z‘N(t)).
Derive the Liouville equation from the following calculation:
opw) QA . 9 _ :
g =2 T 0ok —an)dton —n(0) - 5-0ta; = wi(0)3(0; = &5(0) -
Jj=1k=1,k#j
N N P
=37 T 0t — mn () (on — n(t)) -8l — 505 —5(0 — () - &5
J=1k=1,k#j J
(3.32)
Note that
2 (t)6(v; — &;(t)) = v;6(v; — &;(1)) (3.33)
and P
—j e
fi=m = (3.34)
&j =v;(t)



where f; is the force per unit mass over the j-th particle. Therefore,

(N) N N
o = gl — ()8 — i) T aw— aue)ston = i)

= k=1k#j
N opog N
-y —]T(S(vj —a;()0(zk — i) [ 0Cwx — 2(t)d(vr — £k (t))
j=1 movj k=1,k#j
B ZN:U 9P _iiap(m
= 7 Oz, = m v
(3.35)
that is to say,
or™ X ap™ X Fop™)
ST +j:1 % +;E o = 0 (3.36)

which is the Liouville equation, a linear, homogeneous, first-order partial differential equa-

tion.

3.3.2 BBGKY Hierarchy

Consider N hard sphere of radius r. Let x;,v; denote the position and velocity of

particle i, then the state of the system is given by

(1'1,1}1, ...,Z‘N,’UN) S QN X R3N = Al,..A,N (337)
where
ON = {(21,.,an) | |ws — a5 > 2, P45} (3.38)
and
QY = {(@1,yan) | o — ] <2r, i #5} (3.39)

in fact, if a point (1, ..., ) lies in the set Y, the i-th and j-th molecule would overlap,
which is impossible since they are assumed to be hard spheres.
On the other hand, we have to introduce the boundaries, with the regions where the

spheres would but not yet overlap, in order to define A;  n:
OMy..n = {(@1,01, . zn,on) | | — oy =2r, i # G}, (3.40)
since PWY) is always constant along the trajectory Eq. (3-30) in Ay, N (boundaries in-

cluded), but the velocities (v1,...,vn) should undergo a discontinuous transformation
there, we must impose that P(V) is the same at (oo i, 045,25, v5...) and (..., z;, 0], xj, v;-...),
indicating points of the boundary of Ay, that are transformed one into the other by the

transformation associated with an impact factor or direction (continuous at a collision):
PWN (i, v, w4, 05.0.) = P(N)(...,mi,vg,xj,v;-...) (3.41)

or more specifically, such as elastic binary collision:
P(N) (, Ty Uiy T, ’Uj...) = P(N)(, T,V — (qu' . wm)wi,j, Tj, U + (quj ~wi7j)wi,j...) (342)

where ¢; ; = v; — v; and w;_; is the unit vector directed as x; — ;.
J j J J

11



Remark 3.3. (i) If QN does not coincide with R3N | then there are additional boundary
points that at least one x; is on OA1,. n. A suitable boundary condition must be assigned

at these points as well, e.g., the specular reflection:
U; =V; — ('Ui . wi)wi (343)

where w; 1s unit normal vector at ;.

(i) If Q is a bozx, periodicity conditions are very popular, in that case one can avoid
mentioning the boundaries and talk about a flat torus (after identification of opposite
faces).

(iii) Another point to be mentioned is that we shall allow the symmetric initial condition

PO(N) upon interchange of any two particles (since the particles are identical):
P(N) (t = 0, cey Ly Uy Ty ’Uj...) = P(N)(t = 07 ces Lj, Vg, Ty ’Uz) (344)

the same symmetry of which is preserved for t > 0, as the time evolution is consistent

with the symmetric property.

In this case, P(Y) satisfies the Liouville equation without other outer force,

N
opPW)
+Y° e 0. (3.45)

opPW)
ot

Define the s-particle probability density function as

P(S)(t, Ty UL,y ey Ty Vg) = / p) (t,z1,v1, ., TN, UN) dTs11 dvgeq ... dzy doy,
A
(3.46)
then integrating Eq. (3.45]) with respect to the variables x;,v;(s+1 < j < N) over Ay N,
and it is convenient to keep the terms in the sum appearing in Eq. (3.45) with ¢ < s from
those with ¢ > s, we can obtain that

op®)

g Tht2=0 (3.47)

with N

8P
Il Z/ d$5+1 d’Us+1 dSL’N d’UN, (348)
Ast1,..., Xy
and .
opPW)

I2 = Z / Uiidl’s_H dvs+1...de dUN, (349)

i=s+17 Nst1,. N Ox;

For I, though it contains the integral of derivative with respect to z;,1 < i < s,
over which one does not integrate; it is not possible, however, to simply change the order
of integration and differentiation to obtain a derivative of P(*), because the domain has

boundaries |z; — ;| = 2r depending on x;. Consequently, recalling Leibniz’s Rule

a(x) a(x) w(x
[ e dy = e @) ) — uao)(0) + [ Qule-y) 4, (3.50)

dz Jy(a) by 0T

12



and considering the boundary term for each x;:

pP(N)
/ viaT dzsyq dvgyq...dzy doy
A N T

s+1,...,
aP(s) N
=Vi—(— — Z / ViW; jP(S+1) dI'ij d’Uj (3.51)
3:& . A ” ’
]=S+1 s+1,..., N
opr)
=v,—— — (N — s)(21")2/ viwi75+1P(s+1) dw; 541 dvst1
81‘1- OAgyi1
where w; ; is the outer normal vector to the sphere |z; — ;| = 2r (with center at x;);

dri; = (2r)2dw; ; is the surface element on the same particle sphere; P*T1) is the (s 4 1)-
particle distribution function with arguments (z1,v1, ..., %5, vs, 2, 05), s +1 < j < N.

Then, after summing up from i = 1 to s, the I; can be shown that

S aP(S) S
I = v;———(N — 5)(2r)? Vi - Wi s
' 2;: oz @) z_‘: ONei1 - (3.52)

1
XP(S+ )(t7 .1317 Ula ot xsa Usa T + 27"@01'73-!,-17 US+1) dwi,s+1 dvs+17

where the second term is exactly due to the integration domain depends on x;.
For I, applying the Divergence Theorem via replacing (z1,v1) by (x4, v;), (z2,v2) by
(xj,v5), and w by w; ;, one has,

N s
I, = 272 s P (¢ . . 4 Y s
2 = ( 7") Vi - Wy 5 ( y X1y V1 eeey Tim1,Vi—1, Tj + 27W; 4, Vg, ~~~axvaN)
i=s+1j=1 Asy1 N

X dwmv dZS+1... dll?l'_l d:l?i_;,_l... dIL'N dUS+1...d’UN

N N
2 : 2 : 2 N
+ (27‘) / (7 -wi,jP( )<t,SL‘1,’U1, ...,Stl‘ifl,’l)ifl,l‘j + 2ij,i,vi, ...,CL‘N,’UN)
i=s+1j=s+1,j#i Ast1,.. N

X dwi’j d.’L‘S+1... dxi,l d$i+1... d{EN d’Us+1... dUN,
(3.53)

where the second sum in the above equation is completely zero by the Liouville Theorem
(it is actually the integral of vazs 41 viagi;m with respect to the dynamics of the last
N — s particles).

Furthermore, by using the symmetry of P(N)| the first term can be reduced to

S

E=( -9y [ Vot Wt
j=1 ONst1XAsy2, . N

N
XP( )(t,xl,vl,...,xi_l,vi_l, Z; + 27’&)]'71',1)7;, ...,’JJN,UN) dw5+17j d$5+2... de dvs+1... d’UN

S

= (N—s)(Zr)QZ/ Vsl - Wet1,j
OAst1

j=1
XP(S+1)(t, X1,V1, .-y Ls, Vs, Tj + 27‘w]',s+1, US+1) dws+17j d$5+1.
(3.54)
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Combining the I; and I together, the Eq. (3.47)) becomes,

8P(5) S ap(s) , s
ot ;%Txl =(N —s)(2r) Z~/19A5+1(Uj — Vgp1)  Wetl,

j=1

(3.55)

s+1
x Pt )(t,xl,vh...,xs,vs,xj — 2rWet1,5, Vsy1) dwst1,j dvsta

This is the so-called BBGKY hierarchy for hard-sphere model (the equation of P(*)
depends on the P(5+1)), named after Bogoliubov, Born, Green, Kirkwood, and Yvon.

The physical meaning of Eq. is obvious: the left-hand side is a operator, gen-
erating the free motion of s particle, hence, the s-particle distribution function evolves
in time according to the s-particle dynamics, corrected by the effect of the interaction
with the remaining (N — s) particles. The effect of this interaction is described by the
right-hand side of Eq. .

In particular, taking s = 1 in Eq. , we obtain,

oPh  gp)

8t T 8x1
:(N — 1)(2T)2/ (’01 — ’UQ) . (-L)271P(2)(t7l‘1, V1,21 — 27’(4]271,1)2) dw271 d’UQ
0N
=(N — 1)(27«)2/ (v2 — 1) w12 PP (¢, 21, v1, 21 + 2rwy 2, v2) dwy 2 dvs
0N
=(V =)@y / (v — v1) - wi 2| PP, 21,01, 21 + 2rwi 2, v2) dwr 2 dvs
(v2—v1)-w1,2>0

— (N — 1)(2’[‘)2 / |(U2 — ’Ul) . W172|P(2) (t, r1,01,T1 + 2TOJ1,2, ’UQ) dOJ172 dUg.

(v2—v1)-w1,2<0

(3.56)

This is the same as the Eq. (3.11) with Eq. (5.32) and Eq. (3.20) derived in the previous
subsection, and the rest derivation is the same. That is, the original BBGKY hierarchy
yields the Boltzmann equation.
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4

Corresponding and Relevant Materials

The following materials are, in chronological order, referred to the development of the

study about the solution to spatially homogeneous Boltzmann equation as a probability

measure, where the Fourier Transformation plays a critical role.

KQ: This list is not intended to be completely covered in the mini-course, which is def-

iniately impossible, but to partly reflect the history and hopefully present a big picture about

how the research of the homogeneous Boltzmann equation in probability measure sense

developed: from cutoff to non-cutoff, from the Mazwellian molecule to hard/soft potential,

from higher-order moments requirement to lower-order... The selection is biased in favor

of personal taste.
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