
Math4230 Exercise 7 Solution

1. (a) f∗(y) =

{
−1− log(−y) if y < 0

∞ otherwise

(b) f∗(y) = 1
2y

TQ−1y

2. (a) f∗1 (y) = g∗(y − a)− b;
(b) f∗2 (y) = bT y + g∗(y).

3. For x 6= 0, f is differentiable with ∇f(x) = x
||x|| .

Hence ∂f(x) = {x/||x||}.
For x = 0, if f(y) ≥ f(0) + 〈g, y〉 for all y, then

||y|| ≥ 〈g, y〉, ∀y.
Let y = g, then ||g|| ≤ 1, so ∂f(0) ⊂ {g| ||g|| ≤ 1}.
Conversely, suppose ||g|| ≤ 1, then

〈g, y〉 ≤ ||g||||y|| ≤ ||y||
Hence, f(0) + 〈g, y〉 ≤ f(y).
Therefore, {g| ||g|| ≤ 1} ⊂ ∂f(0).

4. Since gx ∈ ∂f(x),
f(y) ≥ f(x) + 〈gx, y − x〉

Similarly, since gy ∈ ∂f(y),

f(x) ≥ f(y) + 〈gy, x− y〉
Adding the two inequalities, we get

〈gx − gy, x− y〉 ≥ 0
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