Math4230 Exercise 3 Solution

1. Let 2,y € C, and let « € [0, 1]. Then

h(az + (1 — a)y) = g(f(az + (1 —a)y)
=g(filax+ (1 —=a)y),.., fm(az + (1 — a)y))
<glafi(@)+ (1 —a)fi(y), ...afm(z) + (1 —a)fn(y)
= g(a(fi(@), -, fm(2)) + (1 = ) (f1(¥), - fm(¥)))
<ag(fi(@), ... fm(@)) + (L = a)g(f1(y), ... fm(y))
=ag(f(z)) + (1 —a)g(f(y))
=ah(z) + (1 — a)h(y)

2. (a) Z/V2fi(n)z = m D1 e®i % (2;—2;)? > 0, V2 € R™.
Hence the Hessian of fi is positive semidefinite at all x € R™ and f;
is convex.

(b) Let f(x) =||z||, g(t) = tP. Then use the result of (1).
(c) Let f(x) = 2’ Az, g(t) = €'. Then use the result of (1).

3. a) We show that f is strongly convex iff
a
F) = f(@) + (Vf@),y = 2) + Slly = 2%, Yo,y

Suppose f is strongly convex. Consider g(t) = f(z + t(y — x). Then

gt)=(Vflx+tly—2), (y—2).
Then

fly) = f(x) =(V[f(z),y —2)

) —
9(1) = g(0) = (Vf(z),y — z)
:/ (Vf(x+t(y ),y —z) — (Vf(x),y —x)dt

/0 (Vi + 1y — x)) — V(). y - a)dt

1
> / atlly — o|dt
0

Q2
= Zlly —all

The other direction is simple.

For  # vy, |ly = z|| # 0. Hence, the above shows that f is strictly
convex if f is strongly convex.

b) Consider g(z) = f(z) — $||z||>. Vg(z) =V [f(z) — az.

g is convex iff

9(y) = g(x) + (Vg(z),y — z),Vz,y

This is also equivalent to

F) > F()+ (Vf(2).y =) + Slly = al %, Vay



Hence f is strongly convex iff g is convex.

Note that V3g(z) = V2f(z) — al.

This shows that f is strongly convex iff V f(x) — [ is positive semi-
definite.

4. Suppose f is positively homogeneous and convex. Then

Fla+y) =2 G+ 39) < 23 ) + L) = F(@) + 1)
Hence f is subadditive.

Suppose f is positively homogeneous and subadditive. Let A € [0, 1].
fAz+ (1 =Ay) < fQhz) + (1= ANy) = Af(z) + (1= A)f(y)

Hence, f is convex.



