
5 Algorithms

5.1 Gradient Descent Methods

Consider the following minimization problem

min
x∈Rn

f(x)

where f is a differentiable function.

A general optimization algorithm is of the following form:
Choose initial point x0 and construct a sequence {xk} by

xt+1 = xt + ηtd
t, k = 0, 1, ...

What should we choose for dt? What should we choose for ηt?
For the first question, we want dt to be a descent direction, that is

f ′(xt; dt) = 〈∇f(xt), dt〉 ≤ 0

Note that

−∇f(x) = arg min
d|‖d‖≤1

f ′(x; d) = arg min
d|‖d‖≤1

〈∇f(x), d〉

By choosing dt = ∇f(xt), we get the greatest rate of function value improve-
ment.
This is the gradient descent or steepest descent:

xt+1 = xt − ηt∇f(xt)

As for the second question, there are mainly three ways to select ηt.
Fixed step size: ηt is constant.
Exact line search

ηt = argminη≥0f(x+ ηdt)

Backtracking line search: Shrink the step size until it satisfy some conditions.
One popular condition is the Armijo’s condition:
Choose 0 < α ≤ 1

2 , 0 < β < 1, initialize ηt = 1; take ηt := βηt until

f
(
xt − ηt∇f(xt)

)
< f(xt)− 1

2
αηt‖∇f(xt)‖2

5.1.1 Strongly Convex and L-smooth

Before proving convergence results, we need to introduce two notations of a
function.
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Definition:(Strongly Convex) A differentiable function f is called µ-strongly
convex if

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
µ

2
||y − x||2, for all x, y

Definition:(L-smooth) A differentiable function f is called L-smooth if

f(y) ≤ f(x) + 〈∇f(x), y − x〉+
L

2
||y − x||2, for all x, y

We have the following characterization for the two notations.

Proposition:(Characterization of µ-strongly convex) Given a differen-
tiable function f , the following are equivalent:

1. f(y) ≥ f(x) + 〈∇f(x), y − x〉+ µ
2 ||y − x||

2, for all x, y

2. f(λx+(1−λ)y) ≤ λf(x)+(1−λ)f(y)− µ
2λ(1−λ)||y−x||2, for all x, y, λ ∈

[0, 1]

3. g(x) := f(x)− µ
2 ||x||

2 is convex.

4. 〈∇f(y)−∇f(x), y − x〉 ≥ µ||y − x||2, for all x, y

5. ∇2f(x)− µI � 0, for all x (if f is C2).

Proof. We have seen that (1), (3), (4), (5) are equivalent.
Let’s prove (2), (3) are equivalent.
(2)⇒(3) Multiply by λ, (1− λ) respectively, we get

λf(z) ≤ λ2f(x) + λ(1− λ)f(y)− µ

2
λ2(1− λ)||y − x||2

(1− λ)f(z) ≤ λ(1− λ)f(x) + (1− λ)2f(y)− µ

2
λ(1− λ)2||y − x||2

Summing up, we get

f(z) ≤ λf(x) + (1− λ)f(y)− µ

2
λ(1− λ)||y − x||2

= λf(x)− µ

2
λ||x||2 + (1− λ)f(y)− µ

2
(1− λ)||y||2 +

µ

2
||λx+ (1− λ)y||2

= λg(x) + (1− λ)g(y) +
µ

2
||z||2

(3)⇒(2) Since g is convex, for λ ∈ [0, 1], we have

g(λx+ (1− λ)y) ≤ λg(x) + (1− λ)g(y), for all x, y
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Hence,

f(λx+ (1− λ)y)

≤ λf(x) + (1− λ)f(y)− µ

2
λ||x||2 − µ

2
(1− λ)||y||2 +

µ

2
||λx+ (1− λ)y||2

= λf(x) + (1− λ)f(y)− µ

2
(λ||x||2 + (1− λ)||y||2 − λ2||x||2 − 2λ(1− λ)〈x, y〉 − (1− λ)2||y||2)

= λf(x) + (1− λ)f(y)− µ

2
λ(1− λ)(||x||2 − 2〈x, y〉+ ||y||2)

= λf(x) + (1− λ)f(y)− µ

2
||y − x||2

Proposition:(Characterization of L-smooth) Given a differentiable convex
function f , the following are equivalent:

1. f(y) ≤ f(x) + 〈∇f(x), y − x〉+ L
2 ||y − x||

2, for all x, y

2. f(λx+(1−λ)y) ≥ λf(x)+(1−λ)f(y)− L
2 λ(1−λ)||y−x||2, for all x, y, λ ∈

[0, 1]

3. h(x) := L
2 ||x||

2 − f(x) is convex.

4. 〈∇f(y)−∇f(x), y − x〉 ≥ 1
L ||∇f(y)−∇f(x)||2, for all x, y

5. ||∇f(y)−∇f(x)|| ≤ L||y − x||, for all x, y (L-Lipschtiz gradient)

6. LI −∇2f(x) � 0, for all x (if f is C2).

Proof. The equivalence of (1), (2), (3), (6) is similar to that of strong convexity.
We will show that (5)⇒(1)⇒(4)⇒(5) holds.
(5)⇒(1): Consider g(t) = f(x+t(y−x)). Then g′(t) = 〈∇f(x+t(y−x)), (y−x)〉.
Then

f(y)− f(x)− 〈∇f(x), y − x〉
= g(1)− g(0)− 〈∇f(x), y − x〉

=

∫ 1

0

〈∇f(x+ t(y − x)), y − x〉 − 〈∇f(x), y − x〉dt

=

∫ 1

0

〈∇f(x+ t(y − x))−∇f(x), y − x〉dt

≤
∫ 1

0

‖∇f(x+ t(y − x))−∇f(x)‖‖y − x‖dt

≤
∫ 1

0

Lt||y − x||2dt

=
L

2
||y − x||2
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(1)⇒(4): Consider the function φx(z) := f(z)− 〈∇f(x), z〉.
φx is convex and ∇φx(z) = ∇f(z)−∇f(x).
Since, f(z) ≤ f(y) + 〈∇f(y), z − y〉+ L

2 ||z − y||
2, we have

f(z)− 〈∇f(x), z〉 ≤ f(y)− 〈∇f(x), y〉+ 〈∇f(y)−∇f(x), z − y〉+
L

2
||z − y||2

That is

φx(z) ≤ φx(y) + 〈∇φx(y), z − y〉+
L

2
||z − y||2

We minimized both sides over z. The left hand side is minimized at z = x.
The right hand side is minimized at z = − 1

L∇φx(y) + y. Hence,

f(x)− 〈∇f(x), x〉 = φx(x) ≤ φx(y) + 〈∇φx(y),− 1

L
∇φx(y)〉+

L

2
‖ 1

L
∇φx(y)‖2

= f(y)− 〈∇f(x), y〉 − 1

2L
‖∇f(y)−∇f(x)‖2

So

f(y)− f(x)− 〈∇f(x), y − x〉 ≥ 1

2L
‖∇f(y)−∇f(x)‖2

Interchange the role of x, y, we get

f(x)− f(y)− 〈∇f(y), x− y〉 ≥ 1

2L
‖∇f(y)−∇f(x)‖2

Adding the two inequalities, we get

〈∇f(x)−∇f(y), x− y〉 ≥ 1

L
‖∇f(x)−∇f(y)‖2

(1)⇒(2): Let z = λx+ (1− λ)y. Then

λf(x) ≤ λf(z) + 〈∇f(z), λ(x− z)〉+
L

2
λ‖x− z‖2

(1− λ)f(y) ≤ (1− λ)f(z) + 〈∇f(z), (1− λ)(y − z)〉+
L

2
(1− λ)‖y − z‖2

Then,

λf(x) + (1− λ)f(y) ≤ f(z) +
L

2
λ(1− λ)‖y − x‖2

(4)⇒(5): We have

‖∇f(y)−∇f(x)‖2 ≤ L〈∇f(y)−∇f(x), y − x〉
≤ L‖∇f(y)−∇f(x)‖‖y − x‖
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5.1.2 Convergence of Gradient Descent Methods

We start of analysis of gradient descent method with L-smooth objective func-
tion.
We suppose the optimal value of f is finite and is denoted by f∗. Also suppose
x∗ is a optimal solution.

Proposition: Suppose f is a convex C1 function and is L-smooth. If the
step size η ≤ 1

L , then the fixed size gradient descent satisfies

f(xt)− f(x∗) ≤ 1

2tη

∥∥x0 − x∗∥∥2
Proof. Let x+ := x− η∇f(x). Then using quadratic upper bound, we have,

f
(
x+
)
≤ f(x) +

(
−η +

Lη2

2

)
‖∇f(x)‖2 ≤ f(x)− η

2
‖∇f(x)‖2

Hence, the sequence generated by gradient descent method is descending. That
is,

f(xt+1) ≤ f(xt)

Since f is convex, f (x∗) ≥ f(x) + 〈∇f(x), x∗ − x〉. Then

f
(
x+
)
≤ f(x)− η

2
‖∇f(x)‖2

≤ f∗ + 〈∇f(x), x− x∗〉 − η

2
‖∇f(x)‖2

= f∗ +
1

2η

(
‖x− x∗‖2 − ‖x− x∗ − η∇f(x)‖2

)
= f∗ +

1

2η

(
‖x− x∗‖2 −

∥∥x+ − x∗∥∥2)
Summing the above, we get

t∑
i=1

(
f
(
xi
)
− f∗

)
≤ 1

2η

t∑
i=1

(∥∥xi−1 − x∗∥∥2 − ∥∥xi − x∗∥∥2)
=

1

2η

(∥∥x0 − x∗∥∥2 − ∥∥xt − x∗∥∥2)
≤ 1

2η

∥∥x0 − x∗∥∥2
But f(xi) is decreasing, hence

f
(
xt
)
− f∗ ≤ 1

t

t∑
i=1

(
f
(
xi
)
− f∗

)
≤ 1

2tη

∥∥x0 − x∗∥∥2
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Therefore in order to get f(xt)− f∗ ≤ ε, we need O( 1
ε ) iterations.

We can get a similar result for the backtracking line search method.

In order to get faster convergence, more assumptions are needed.
Lemma: Suppose f is µ-strongly convex and L-smooth. Then

〈∇f(y)−∇f(x), y − x〉 ≥ 1

L+ µ
‖∇f(x)−∇f(y)‖2 +

µL

L+ µ
‖x− y‖2

Proof. Consider φ(x) = f(x)− µ
2 ‖x‖

2. ∇φ(x) = ∇f(x)− µx. So

‖∇φ(x)−∇φ(y)‖2 = ‖∇f(x)−∇f(y)− µ(x− y)‖2

= ‖∇f(x)−∇f(y)‖2 − 2µ〈∇f(x)−∇f(y), x− y〉+ µ2‖x− y‖2

≤ (1− 2µ

L
)‖∇f(x)−∇f(y)‖2 + µ2‖x− y‖2

≤ (1− 2µ

L
)L2‖x− y‖2 + µ2‖x− y‖2

= (L− µ)2‖x− y‖2

Hence φ(x) is L− µ-smooth.
Then, 〈∇φ(y)−∇φ(x), y − x〉 ≥ 1

L−µ‖∇φ(y)−∇φ(x)‖2. Hence

〈∇f(y)−∇f(x)− µ(y − x), y − x〉 ≥ 1

L− µ
‖∇f(y)−∇f(x)− µ(y − x)‖2

After expanding, we get out required inequlity.

Proposition: Suppose f is µ-strongly convex and L-smooth. Then the constant
step size gradient descent method with ηt = 2

µ+L satisfies:

‖xt − x∗‖ ≤
(
K − 1

K + 1

)t
‖x0 − x∗‖

where K = L/µ.

Proof.

‖xt+1 − x∗‖2 = ‖xt − η∇f(xt)− x∗‖2

= ‖xt − x∗‖2 − 〈xt − x∗, 2η∇f(xt)〉+ η2‖∇f(xt)‖2

≤ ‖xt − x∗‖2 − η 2

L+ µ
‖∇f(xt)‖2 − 2ηµL

L+ µ
‖xt − x∗‖2 + η2‖∇f(xt)‖2

= (1− 2ηµL

L+ µ
)‖xt − x∗‖2

= (
L− µ
L+ µ

)2‖xt − x∗‖2
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Hence

‖xt − x∗‖ ≤
(
K − 1

K + 1

)t
‖x0 − x∗‖

We can get a similar result with the backtracking gradient descent.

Lemma: Suppose f is µ-strongly convex and L-smooth. Then

2µ(f(x)− f∗) ≤ ‖∇f(x)‖2

Proof. Since f is µ-strongly convex,

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
µ

2
‖y − x‖2

By minimizing the right hand side with respect to y, we find the minimizer is
x− 1

µ∇f(x).
Therefore,

f(y) ≥ f(x)− 1

2µ
‖∇f(x)‖2

Since this holds for all y, we have

f∗ ≥ f(x)− 1

2µ
‖∇f(x)‖2

Proposition: Suppose f is µ-strongly convex and L-smooth. Then the gradient
descent method with backtracking line search satisfies:

f(xt)− f∗ ≤ ct(f(x0)− f∗)

where c = 1−min{2αµ, 2αβµ/L}.

Proof. We first show that the step size is either ηt = 1 or satisfies ηt ≥ β/L.
Let x+ := x− η∇f(x). If 0 ≤ η ≤ 1/L. Then

f(x+) ≤ f(x)− η‖∇f(x)‖2 +
Lη2

2
‖∇f(x)‖2

≤ f(x)− η

2
‖∇f(x)‖2

≤ f(x)− αη‖∇f(x)‖2

Let ηt be the step size chosen at iteration t.
If the Armijo’s condition is satisfied at the initialization, then ηt = 1.
Otherwise, ηt/β does not satisfy the Armijo’s condition.
So ηt

β ≥
1
L . Hence ηt ≥ β

L .
If ηt = 1, then

f(xt+1) ≤ f(xt)− α‖∇f(xt)‖2
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If ηt ≥ β/L, then

f(xt+1) ≤ f(xt)− αηt‖∇f(xt)‖2 ≤ f(xt)− αβ/L‖∇f(xt)‖2

Therefore

f(xt+1)− f∗ ≤ f(xt)− f∗ −min{α, αβ/L}‖∇f(x)‖2

Since 2µ(f(xt)− f∗) ≤ ‖∇f(xt)‖2,

f(xt+1)− f∗ ≤ (1−min{2αβµ, 2αβµ/L})(f(xt)− f∗)

Therefore,

f(xt+1)− f∗ ≤ (1−min{2αµ, 2αβµ/L})t(f(x0)− f∗)

In order to get a ε accuracy, we need O(log(1/ε)) iterations.
Therefore, we get a linear convergence if the objective function is also strongly
convex.

5.2 Projected Gradient Descent

Let’s consider the problem:
min
x∈C

f(x)

where f : Rn → R is a continuously differentiable function, C is a closed convex
set.
If we simply carry out a gradient descent, the iterate points may not be in C.
One simplest one to modify the gradient descent is to consider the projected
version, which is called projected gradient descent:

xt+1 = PC(xt − ηt∇f(xt))

where PC(·) is the projection to C.
Recall the following results about projection to a closed convex set.

Proposition: Let C be a nonempty convex set and let f : Rn → R be a
convex C1 function. Then x∗ ∈ C minimizes f over C if and only if

〈∇f(x∗), (z − x∗)〉 ≥ 0, ∀z ∈ C.

Proposition: x∗ = PC(z) if and only if 〈z − x∗, x− x∗〉 ≤ 0, ∀x ∈ C.
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5.2.1 Convergence for L-smooth objective

We will first show convergence result for L-smooth objective f .

Lemma Suppose f is L-smooth. Then the projected gradient descent with
fixed step size ηt = η ≤ 1

L satisfies:

f(xt+1) ≤ f(xt)− L

2
‖xt+1 − xt‖2

Proof. We have
〈xt − xt+1, xt − ηt∇f(xt)− xt+1]〉 ≤ 0

That is

〈∇f(xt), xt+1 − xt〉 ≤ − 1

ηt
‖xt+1 − xt‖2

Since f is L-smooth,

f(xt+1) ≤ f(xt) + 〈∇f(xt), xt+1 − xt〉+
L

2
‖xt+1 − xt‖2

≤ f(xt) + (− 1

ηt
+
L

2
)‖xt+1 − xt}2

≤ f(xt)− L

2
‖xt+1 − xt‖2

Proposition: Let f be L-smooth. Then the projected gradient descent
with fixed step size ηt = η ≤ 1

L satisfies:

f(xt)− f∗ ≤ L

2t
‖x0 − x∗‖2

Proof. Since xt+1 = PC(xt − ηt∇f(xt)), we have

〈x∗ − xt+1, xt − ηt∇f(xt)− xt+1〉 ≤ 0

That is

〈∇f(xt), xt+1 − x∗〉 ≤ 1

ηt
〈xt+1 − x∗, xt − xt+1〉

Since f is convex, we have

f(x∗) ≥ f(xt) + 〈∇f(xt), x∗ − xt〉
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Since f is L-smooth, then

f(xt+1) ≤ f(xt) + 〈∇f(xt), xt+1 − xt〉+
L

2
‖xt+1 − xt‖2

≤ f(x∗)− 〈∇f(xt), x∗ − xt〉+ 〈∇f(xt), xt+1 − xt〉+
L

2
‖xt+1 − xt‖2

= f(x∗) + 〈∇f(xt), xt+1 − x∗〉+
L

2
‖xt+1 − xt‖2

≤ f(x∗) +
1

ηt
〈xt+1 − x∗, xt − xt+1〉+

L

2
‖xt+1 − xt‖2

≤ f(x∗)− L〈xt+1 − x∗, xt+1 − xt〉+
L

2
‖xt+1 − xt‖2

= f(x∗) +
L

2
(‖xt − x∗‖2 − ‖xt+1 − x∗‖2)

Summing up, we have

t∑
i=1

f(xi)− f∗ ≤
t∑
i=1

L

2
(‖xi−1 − x∗‖2 − ‖xi − x∗‖2)

=
L

2
(‖x0 − x∗‖2 − ‖xt − x∗‖2)

≤ L

2
(‖x0 − x∗‖2)

Since f(xt) is decreasing, we have

f(xt)− f∗ ≤ L

2t
‖x0 − x∗‖2

5.2.2 Convergence rate under strong convexity

Let’s now consider the projected gradient descent under the assumption that f
is µ-strongly convex.
We denote Gη(x) = PC(x − η∇f(x)). A optimal solution of the problem is in
fact a fixed point of Gη.
If we can show that Gη is a contraction, then {xt} generated by the projected
gradient method converges linearly to an optimal solution.

Proposition: Suppose f is µ-strongly convex and L-smooth. Then Gη sat-
isfies

‖Gη(x)−Gη(y)‖ ≤ max{|1− ηL|, |1− ηµ|}‖x− y‖,∀x, y
and is a contraction for all η ∈ (0, 2/L).

Proof. We first prove that ‖PC(x)− PC(y)‖ ≤ ‖x− y‖ for all x, y.
By the projection property

〈(x− PC(x), z − PC(x)〉 ≤ 0, ∀z ∈ C
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Put z = PC(y), then 〈x− PC(x), PC(y)− PC(x)〉 ≤ 0.
Similarly, 〈y − PC(y), PC(x)− PC(y)〉 ≤ 0. Hence

〈y − x− (PC(y)− PC(x)), PC(x)− PC(y)〉 ≤ 0

‖PC(x)− PC(y)‖2 ≤ 〈x− y, PC(x)− PC(y)〉

By Cauchy-Schwarz, ‖PC(x)− PC(y)‖ ≤ ‖x− y‖.
Hence

‖Gη(x)−Gη(y)‖2

= ‖PC(x− η∇f(x))− PC(y − η∇f(y)‖2

≤ ‖(x− η∇f(x)− (y − η∇f(y)‖2

= ‖x− y‖2 − 2η〈∇f(x)−∇f(y), x− y〉+ η2‖∇f(x)−∇f(y)‖2

≤ ‖x− y‖2 − 2ηµL

µ+ L
‖x− y‖2 − 2η

µ+ L
‖∇f(x)−∇f(y)‖2 + η2‖∇f(x)−∇f(y)‖2

= (1− 2ηµL

µ+ L
)‖x− y‖2 + η(η − 2

µ+ L
)‖∇f(x)−∇f(y)‖2

≤ (1− 2ηµL

µ+ L
)‖x− y‖2 + ηmax{L2(η − 2

µ+ L
), µ2(η − 2

µ+ L
)}‖x− y‖2

= max{(1− ηL)2, (1− ηµ)2}‖x− y‖2

Proposition: Suppose f is µ-strongly convex and L-smooth. Then the pro-
jected gradient descent with fixed step size 2

L+µ satisfies:

‖xt − x∗‖ ≤
(L− µ
L+ µ

)t‖x0 − x∗‖
Proof. Since η = 2

L+µ , max{(1− ηL), (1− ηµ)} = L−µ
L+µ . Then

‖xt+1 − x∗‖ = ‖PC(xt)− PC(x∗)‖ ≤ L− µ
L+ µ

‖xt − x∗‖

Therefore, we achieve the same convergence rate as gradient descent methods
for projected gradient descent.
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