
 

Trial stepforspecialcase G is C BE o

furthermore if F is Ck Ket then G isC

Pfoffinalstep By assumption DF is containous and invertible

on Brca LinearAlgebra DEJ is continuous

Therefore by Step3 andstep2 DGly DEJ Glys

iscontinuous Hence G is C

The fact that F isCk KED G is ch
is by differentiating the identity DGyFRFJGlyD

and using induction A

GeneralCase

Consider Fix DFIxo F xx o yo

Then FCO O

F defined on an open set F V Xo L x exo er

with O ET
and DEC of DEA DF Xo I

Bythe special case I r o such that

I G BELO ELBECOD C BRO C E
Sit G is the local inverseof F



Let we DFexo BEA Yo

F ECBECOD Xo then VCU XoEV

and G W V by

Gly ECDFJIDLY yo Xo Ayew

clearly G maps W bijective onto V

Since Fix DFX FCx xo yo
wehave F Xt XD DF Xo Fox Yo TXEBRO

F X DF XI FIX Xo Yo X EV

Hence HyeW
F Gy CDF Xo ECGly Xo Yo

Yo DFXXDFLECDFJcxoxy.jo
bydefinition
ofG

Yo DANO DFS'ADLYYo Saa E E I I
Yoty yo y

i G is the local inverse off

The remaining facts that FeckChal Gecko's clear

from the definitionof G and the results on GRE
in the special case



Def Ackmap F FEW V Wopenair is a

Ckdiffeomaphism if F existsandisalso Ck

Note I The IFT can be rephrased as

If F o CRI IR EC and DF is nonsingular

at a point x o EY then F is a Ck diffeomorphism
between some nbds V and W ofXo Fix respectively

di If F it W is a Ckdiffeomorphism then
A function q W R there corresponds a function

4 9 of IV IR
Conversely A function 4 VIR Herecorresponds a function

9 40 F I W IR

Moreover G I Ch 4 b Ck
Thusevery Ck diffeomorphism gives rise to a

local c change of coordinates



Thm3I Implicit FunctionTheorem

let U be an open set in IR x IR

F V Rm is a Cl map

Suppose that xo yo EV satisfies F x y 0 and

DyF Yoyo is invertible in Rm Then

1 I an open setof the fam V N cu containing

XoYo and a d map

9 Mt Vick with 9 xo Yo

suchthat F x 91 17 0 t XEV

2 9 V V2 is Ckwhen F is Ck K k 0

3 Moreover assume further that DFy is invertible in time
Then if 4 p K is anotherCl map satisfying

F x 41 5 0 we have 4 9

Note If I
Fick n Y Tm

then
Fm Xy j xn y I m



DyF Ijm is mam e canberegarded as a

lineartransformation from IRMto IRM

In general for a map F such that DF exoyo has rank M

then one can rearrange the independent variables to make

the mxm submatrix corresponding to the last m columns of the
Jocabianmatrix invertible i.e in the situation of the theorem

Hence the condition that DFyXoYo is invertible in the

Implicit Function Theorem can be generalized to rankDFexoYo m

Pf of Implicit Function Theorem using InverseFunctionTheorem

Define I VCR R
7 R'xRm

U

xYy 1 7 X Fox y

where Y ER y P ER
m

Then I XoYo Xo O

Clearly I 5 Ck if F is C

And x

En
E I Fi xx x y you

FmCx Xn D gyms



1
O

DOI EY z EI
É É É

Since DyF lyy
Ei Ein is invertible in AM

IFT Ijm

DE exoyo
is invertible in R XRm

Applying InverseFunctionThenem I local c niverse

I I I I WCRHIV.CO
with Xo Yo E xo o I Xo0 Edo o

where W and V are open nbds of Iyo4.7 14,0 and
Xoyo respectively and is Ckwhen F is Ck

By shrinking the nhds we may assume V isof the fam
V X V2 where V open in IR containing Xo V2 open
in R containing yo

Now f X Z EW
X E OI I exit Iz X Z

E lx Z F E NZ IzaZD



X ERA
Z FIE HA I Xi

z F x Ian Z

In particular we can take 7 0 hence

FIX I lx O O TX I lxDET

G V V2 x IHO is therequiredmap
9Xo Edo O YoSt

fix pix
and isCkwhen Fisch We'veproved 480

For 3 DyF g
invertible in V XV

S DyF x y tty Y It is nonsingular

fa x y x ya EV Nz MayassumeU is aball

Now if yet Va is another c map set

Fix Xx O

then o F xxx FA 90

SolDyFix past tax pas dt xx a

SoDy F x past tax 91 1 dt nonsingular

Tex Fix A X EV My



Renard Implicit FunctionTheorem and Inverse Function Theorem

are infact equivalent
If F v IR as in assumptionof the InverseFunctionThenew
then define Fixy Ux IR IR nth to n din

xYy A Fox y inFethearen
which is C

Note that Fox yo F Xo Yo 0 and

DxFCXoYo DF Xo is invertible

DEexo yo is of full rank rankDECKYo n

By Implicit FunctionTheorem I c mapping gey nearyo such that

4190 Xo and E 4 y y 0

Notethedifferent in the notations

ie F ply Y 0 near yo

t 91g is the local inverse

Concreteexamples are omitted since it should be given in advanced

calculus already Afew explicitexamples are given in ProfChou'snotes


