2021 - 2022 MATH2068 Tutorial 4 - Introduction to Darboux Integration (Suggested Solutions in Brief)

Unless otherwise specified, if we write (a,b) or [a,b], it is always the case that a < b € R.

1 Introduction to Darboux Integration

Definition 1.1. Let [a,b] be a bounded interval. Then

i. We call P C [a,b] a partition if it is a finite set containing a,b. In particular we can write P = {x;}%_,
as a finite list where g = a,2x = b and zg < x1 -+ < z. The collection of partitions on [a,b] can be
denoted by P, p), or just P in this note for convenience.

ii. For P,Q € Pqp), we say that @Q is a refinement of P if P C Q. We also write P < Q if @ refines P.
Note that the pair (P, ), <) forms a partially ordered set.

Definition 1.2. Let f : [a,b] — R be a bounded function. Let P := {x;}%_; C [a,b] be a partition. Then
i. We denote U(f, P) := Zle SUDye(; 1 .0] f (2)(Ti — xi—1) the upper sum of f over P.
ii. We denote L(f, P) := E?:l infoerz,_ .2, f(2)(x; — 2i—1) the lower sum of f over P

iii. We denote f; f = infpep, ,, U(f, P) and ff f= SUDpep, L(f, P) the upper and lower integral of f
over [a, b] respectively. It is not hard to see that they are well-defined since f is bounded.

Conceptual Quick Practice

1. Let (X, <) be a partially ordered set. We say that X is a directed set if every pair of element has an
upper bound, that is, for all =,y € X, there exists z € X such that z > z and z = y.

(a) Show that every totally ordered set is a directed set. Hence N with the usual order is a directed set.

(b) Equip N with the divisibility order , that is, n < m if n is a factor of m. Show that it is a directed
partially ordered set that is not totally ordered.

(c) (Extremely Important!!!) Consider a compact interval [a,b]. Show that (P, <) with the
refinement order is a directed (partially ordered) set.

Solution. (a). In fact every pair of element in a totally ordered set has a maximum. (b). Upper bounds
are given by common multiples. (c¢). Let P,@Q C [a,b] be partitions. Then P U @ is a partition as it is
finite and contains a,b. It is clearly a refinement to both P, Q.

2. Following Q1, we are defining more general notions for convergence. Let I be a directed set. Then any
function f: I — R is said to be a met over I. By convention, We write f; := f(¢) for all ¢ € I and denote
the net as f = (f;)ics. A net is increasing (or decreasing) if it shares the same property as a function.

(a) Show that every sequence can be regarded as a net over N.

(b) Let f : [a,b] — R be a bounded function. Consider Up := U(f, P) for all partition P € (P, 3, =)
Show that (Up)pep is a decreasing net.

(c) Following (b), define Lp := L(f, P) for all P € P. Show that (Lp)pep is an increasing net.
Solution. (a). It follows from the fact that N is a directed set. (b). It is equivalent to show that P C Q
would imply Up > Ug where P, (@ are partitions. Consider first the case Q = P U {z} where x ¢ P. It
clearly follows that U(f,Q) < U(f, P). The general result follows from the finiteness of Q). (c) is similar
to (b).
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3. Let I be a directed set. Consider = := (x;);cr a net of real numbers. Then we say that (z;) converges to
some real numbers x if for all € > 0, there exists A € I such that for all ¢ = A, we have |z; — 2| < e.

(a) Let (x;)icr be a net. Suppose z,y are limits of (x;);cr. Show that z = y.

(b) Part (a) showed that limits of nets are unique if they exist. We can write lim; z; := x if = is the
limit of the net (x;);er. Suppose (x;), (y;) are convergent nets over I. Show that

iil. lim; x; < lim; y; if there exists A € I such that xz; <y; for all ¢ = A

(c) Is it true that a converging net is always bounded (defined by considering a net as a function)?
(Hint: Consider the index set to be the set of all real numbers.)

Solution. (a). Let ¢ > 0. Then there exists Ay, Ay such that we have |z; —z| < €ifi = A; and
|v; —y| < eifi = Ay. By directedness, there exists A € I such that A > Ay, Ay. Hence we have
|x —y| < |z; — 2|+ |x; — y| < 2¢ by considering some i = A. It follows that x =y as € — 0.

(b.d). Note that |z; +y; — x —y| < |z; — x| + |y; — y| where z := limz; and y := lim; y; for all i € I.
Let € > 0. Then the proof proceeds as the sequential case. (b.ii). By (i), it suffices to consider the case
x; =0 for all i € I. Suppose y :=limy; < 0. Then —y > —y/2 > 0. It follows that there exists A’ € I
such that i > A’ would imply |y; — y| < —y/2. This give a contradiction by considering some i = A and
A’. (c). Consider the function f(t) := 1/t on (0,00). Then it is unbounded but converges as a net. In

fact lim, f(t) = 0.

4. Let f : [a, b] — R be a bounded function. Show that limp U(f, P f f = infpep U(f, P) and

limp L(f, P) = fa f :=suppep L(f, P) where convergence in nets is used.

Solution. Use the fact that U(f, P) and L(f, P) are decreasing and increasing nets respectively.

More Quick Practice

1 A
1. Let A C R. We define 14(z) := {O “ ; 4 for all z € R to be the indicator function of A.
x

(a) Let A C [0,1] be a singleton. Show that fol 14 = _fol 14 =0.

(b) Let A C [0,1] be a finite set. Show that jol 1y = _fol 14 =0.

(c) Let A C [0,1] be a countable set. Is it always true that fol 14 = _fol 14=07?
Solution. (a) follows from (b). (b). Write A = {z;}¥ ;. Then d := min;; |z; — z;| > 0. Let ¢ > 0.

Consider the partition P = {0,1} U {x; £ ed/4k} N [0,1]. Then it is not hard to see that 0 < ] 1a <
U(la,P)= Zf”':l 2ed/4k = ed/2 < e. The result follows as € — 0. (c). No. Consider A =QnN [0, 1].

2. Let f,g : [a, b] — R be bounded functions. Suppose f = g except for a finitely many points on [a, b].
Show that [ f = f g. Is it true that f f= f q?
Solution. The answer to the question is true. We prove only for the case of upper integrals. Write

L: rb f. Let € > 0. Then there exists a partition P such that U(f, P) — L < e. Consider a partition
Q smnlar to that in Q1b such that |U(f, R) — U(g, R)| < € for all 1eh11e111e11t R of Q. It follows that

|U(g,T) — L| < 2¢ for all T refining P, Q. Hence, limy U(g,T) = f f”
3. Let f,g: [a,b] = R be bounded functions.
a) Show that U(f + g, P) < U(f, P)+ Ul(g, P) for all partition P € P,y
b) Hence, show that f;(f +9) < T;f + f: g.
()
(

d) Is it true that f;(f +g) < f: f+ fab g? If it is false, give a similar inequality that should hold.

(
(
¢) Find examples for both the equality and strict inequality case in (b).

Solution. (a) is easy. (b) follows by taking limits of nets in (a) with the help of Q3 in Conceptual Quick
Practice. (c). Consider f = 1g and g = —f or g = f. (d). No. We should have /ab(f +g) > /f f+ ]f g
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4. Let f: [a,b] — R be a bounded function. Show that
(a) For all A > 0, we have f;)\f = /\Iab; for all A < 0, we have f:)\f = )\f;f

(b) The function defined by f — f‘f f is a convex function over the space of bounded functions, that
is, for all A € [0,1] and f, g : [a,b] — R bounded, we have ['Af+(1-Xg<A[ f+1-X)['g

Solution. (a). Consider first the upper or lower sums. (b). This follow from 3(b) and 4(a).

5. Let f : [a,b] = R be a bounded function.

(a) Let g : [a,b] — R be bounded such that g > f on [a,b] pointwise. Show that f;g > f;f and
INEN

(b) Show that we have

< f; |f]. Is it true that we have ’_f;’f‘ < _f; Fik

Solution. (a). Consider first the upper 01 lowe1 sums. Then take limits of suitable nets. (b). As
—Ifl < f <|f|, we have — E < - ]a \f| fa —Ifl < E f< E} |f|, in which we have used scalar

multiplication property of upper and lower integrals at (x). The function f = —lg gives a counter-
example to the lower integral (‘,‘(IS()El

6. Let f : [a,b] = R be a bounded function. Suppose f > 0 on [a, b].

. . _ . eopb o
(a) Suppose f is continuous. Show that f =0 on [a, b] if and only if Ia f=0
(b) Can the continuity assumption in (a) be dropped? Provide suitable examples whenver necessary.

Solution. (a). Only (<) is non-trivial. Suppose not. Then f(¢) > 0 for some ¢ € [a,b]. Hence
f(z) > f(e)/2 > 0 for all z € B,.(c) C [a,b] for some r > 0. It is then not hard to see that /ab f>
fllj,, f>2rf(c)/2>0. (b). No. Consider f = 1g.

7. Let f: R — R be a bounded function. We define upper and lower integrals of f over a compact interval
[a, b] by considering the restriction f |jq4). Show that f; I+ fbc f= fac fforalla<b<ec.
Solution. Let P, Q be partitions of [a, b] and [b, ¢] respectively. Then PUQ is a partition of [a, ¢] and we
clearly have U(f, P)+U(f,Q) =U(f, PUQ) > fa( f. It follows that fa( < f(f} f+ E f by taking limits
through P, Q. For the other side, let R be a partition of [a, ¢]. Then clearly RU {b} is a refinement that
can be broken into partitions on [a,b] and [b, ¢|. It follows that U(f, R) > U(f, RU{b}) > fab f+ Tb( f.
The result follows by taking limits on R. (cf. Lecture note: the proof here is similar to the ordinary

integral)

8. Let f : [a,b] — R be a bounded function. Define the function F(z f f for all z € [a,b]. Show that
F is Lipschitz continuous on [a, b]
Solution. Let x < y. Note |F(x) — F(y)| = ‘ ]l’ )“ U [ 1] < |z —ylsupiepa | f(t)| by Q7 and Q5.

9. Let f: R — R be a differentiable function such that f’ is bounded. Show that for all z < y € R, we have

/f<f /f

Solution. Let P = {x;}¥ , be a partition of [z,y]. Then f(y) — f(x) = Zle flx) — f(zi1)
Zl 1 (&) (i — xi—1) by MVT where & € (z;-1,;). It is then clear that L(f',P) < f(y) — f(z)
U(f', P). The result follows by taking limit for P as P is arbitrary.

IN

IMany thanks to Matthew Liu who pointed out this mistake and provided the counter-example.
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10. We say that f : [0,1] — R is a step function over [0,1] if it is a linear combination of indicators of
disjoint intervals, that is, there exists {I;}%_, where I; C [0,1] are disjoint intervals (of any form) and
a list of real numbers {a;}¥_, such that f = Zle a;1z,. Let P := {x;}F_, be partition of [0,1]. Let
(a;)k_, be a sequence of real numbers. Define the step function f := Zle a;ilyg, | ;). Show that

/Olf:/olfzgai(xi_xi_l)

Solution. Simplify the integrals by partitioning it into intervals with respect to P using Q7. Then use
Q2 to integrate only constant functions. (cf. HW 4 Solutions)
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